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Hyponormality and Subnormality of Block Toeplitz Operators 



Raul E. Curto, In Sung Hwang and Woo Young Lee 

Abstract. In this paper we are concerned with hyponormality and subnormality of block Toeplitz 
operators acting on the vector- valued Hardy space H^n of the unit circle. 

Firstly, we establish a tractable and explicit criterion on the hyponormality of block 
Toeplitz operators having bounded type symbols via the triangularization theorem for com- 
pressions of the shift operator. 

Secondly, we consider the gap between hyponormality and subnormality for block Toeplitz 
operators. This is closely related to Halmos's Problem 5: Is every subnormal Toeplitz operator 
either normal or analytic ? We show that if $ is a matrix-valued rational function whose co- 
analytic part has a coprime factorization then every hyponormal Toeplitz operator T# whose 
square is also hyponormal must be either normal or analytic. 

Thirdly, using the subnormal theory of block Toeplitz operators, we give an answer to the 
following "Toeplitz completion" problem: Find the unspecified Toeplitz entries of the partial 
block Toeplitz matrix 

so that A becomes subnormal, where U is the unilateral shift on H 2 . 

Keywords. Block Toeplitz operators, hyponormal, square-hyponormal, subnormal, bounded 
type functions, rational functions, trigonometric polynomials, subnormal completion problem. 



1. Introduction 

Toeplitz operators, block Toeplitz operators and (block) Toeplitz determinants (i.e., determinants 
of sections of (block) Toeplitz operators) arise naturally in several fields of mathematics and in 
a variety of problems in physics, especially, in quantum mechanics. For example, the spectral 
theory of Toeplitz operators plays an important role in the study of solvable models in quantum 
mechanics ( |Prj ) and in the study the one-dimensional Heisenberg Hamiltonian of ferromagnetism 
( [DMA] ) ; the theory of block Toeplitz determinants is used in the study of the classical dimer 
model ( [BE] ) and in the study of the vicious walker model ( [HI] ) ; the theory of block Toeplitz 
operators is also used in the study of Gelfand-Dickey Hierarchies (cf. [Ca ). On the other hand, 
the theory of hyponormal and subnormal operators is an extensive and highly developed area, 
which has made important contributions to a number of problems in functional analysis, operator 
theory, and mathematical physics (see, for example, |HS] . and [Sz] for applications to related 
mathematical physics problems). Thus, it becomes of central significance to describe in detail 
hypormality and subnormality for Toeplitz operators. This paper focuses primarily on hyponor- 
mality and subnormality of block Toeplitz operators with rational symbols. For the general theory 
of subnormal and hyponormal operators, we refer to Con] and |MP] , 

To describe our results, we first need to review a few essential facts about (block) Toeplitz 
operators, and for that we will use [BS], [Pol] . [Do2] . jGGKj . [MAR] . [M], and |Pe]. Let H and K 
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be complex Hilbert spaces, let B(W, K.) be the set of bounded linear operators from H to fC, and 
write B{H) := B(H,H). For 4,5e B(H), we let [A,B] := AB - BA. An operator T G B(H) 
is said to be normal if [T*,T] = 0, hyponormal if [T*,T] > 0, and subnormal if T has a normal 
extension, i.e., T — N\ti, where TV is a normal operator on some Hilbert space K, 2 H such that % is 
invariant for TV. For an operator T G B(7i), we write ker T and ranT for the kernel and the range of 
T, respectively. For a set A4, cl M. and M. 1 - denote the closure and the orthogonal complement of 
M., respectively. Also, let T = R/2irZ be the unit circle. Recall that the Hilbert space L 2 = L 2 (T) 
has a canonical orthonormal basis given by the trigonometric functions e n (z) = z n , for all n G Z, 
and that the Hardy space H 2 = H 2 (T) is the closed linear span of {e n : n = 0, 1, . . .}. An element 
/ £ L 2 is said to be analytic if / G H 2 . Let H°° = H°°(T) := L°° n H 2 , i.e., H°° is the set of 
bounded analytic functions on the open unit disk ED. 

Given a bounded measurable function tp G the Toeplitz operator T v and the Hankel 

operator H v with symbol tp on i? 2 are defined by 

T v g:=P(tpg) and H v g := JP x (tpg) (g G H 2 ), (1.1) 

where P and P 1 - denote the orthogonal projections that map from L 2 onto H 2 and (i? 2 ) -1 , re- 
spectively, and J denotes the unitary operator from L 2 onto L 2 defined by J(f)(z) — ~zf(z) for 

/ e l 2 . 

To study hyponormality (resp. normality and subnormality) of the Toeplitz operator with 
symbol tp we may, without loss of generality, assume that <p(0) — 0; this is because hyponormality 
(resp. normality and subnormality) is invariant under translations by scalars. Normal Toeplitz 
operators were characterized by a property of their symbols in the early 1960's by A. Brown and 
P.R. Halmos BH and the exact nature of the relationship between the symbol <p G L°° and the 
hyponormality of T v was understood via Cowen's Theorem |Co4] in 1988. 

Cowen's Theorem. f [Co4) . [NT] ) For each cp G L°° , let 

£(tp) = {k G H°° : \\k\lco < 1 and tp - kTp E H°°}. 

Then a Toeplitz operator T v is hyponormal if and only if £(<p) is nonempty. 

This elegant and useful theorem has been used in the works [CuLlj . |CuL2j . |FL| . |Gulj . 
pu2] . [GS] . jHKLlj . |HKL2j . [HLl] . [HL2] . [HL3] . [E], [NT] and [ZhH], which have been devoted 
to the study of hyponormality for Toeplitz operators on H 2 . Particular attention has been paid to 
Toeplitz operators with polynomial symbols or rational symbols [HL2] . |HL3] . However, the case of 
arbitrary symbol tp, though solved in principle by Cowen's theorem, is in practice very complicated. 
Indeed, it may not even be possible to find tractable necessary and sufficient condition for the 
hyponormality of T v in terms of the Fourier coefficients of the symbol tp unless certain assumptions 
are made about tp. To date, tractable criteria for the cases of trigonometric polynomial symbols 
and rational symbols were derived from a Caratheodory-Schur interpolation problem ( [Zhu] ) and a 
tangential Hcrmitc-Fejer interpolation problem ( [Gul] ) or the classical Hermite-Fejer interpolation 
problem f |HL3| ). respectively. 

Recall that a function tp G L°° is said to be of bounded type (or in the Nevanlinna class) if 
there are analytic functions tpii^ G PT°°(IDi) such that tp = ipi/^ almost everywhere on T. To 
date, no tractable criterion to determine the hyponormality of T v when the symbol tp is of bounded 
type has been found. 

We now introduce the notion of block Toeplitz operators. Let M nxr denote the set of all 
n x r complex matrices and write M n := M nxn . For X a Hilbert space, let L 2 X = L 2 X (T) be the 
Hilbert space of A'-valued norm square- integrable measurable functions on T and let H x = H x (T) 
be the corresponding Hardy space. We observe that L 2 C „ = L 2 <g> C" and H^ n — H 2 <£> C™ . If $ 
is a matrix- valued function in = Lf} (T) (= L°° ® M n ) then T$ : H^ n — > H^ n denotes the 
block Toeplitz operator with symbol $ defined by 

T»/:=P n (*/) foTfeHln, 
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where P n is the orthogonal projection of onto H^, n . A block Hankel operator with symbol 
<& G is the operator H<s> : H^ n — > i7 2 „ defined by 

H*f:=J n P^ (*/) for/eflg„, 

where </„ denotes the unitary operator from onto LjjL given by J n (f)(z) := ~zl n f(z) for 
/ G Lp„ , with 7„ the n x n identity matrix. If we set _ff^„ = i/ 2 • • • © if 2 then we see that 



where 



For 



$ = 



<Pnl 



and if$ 



vii 



H, 



•fin 



e L 



M„ 



write 



$(z) := $*(*). 

A matrix-valued function 6 € (= ® M nxm ) is called inner if 0*0 

everywhere on T. The following basic relations can be easily derived: 

1$* — T$T^ = H^Hqi (<&, ^ G ^M n )i 

- H^H&* = H%Hq*Hq*H<s, (0 e ffj^ inner, $ e ). 



J TO almost 

(1.2) 
(1.3) 
(1.4) 
(1.5) 



For a matrix- valued function $ = [t^y] € , we say that $ is of bounded type if each entry 
ipij is of bounded type, and we say that $ is rational if each entry tpij is a rational function. A 
matrix-valued trigonometric polynomial $ G £JS ^ s °f the form 



$(z) = ^ (Aj G M„), 

j=-m 

where Ajv and are called the owier coefficients of $. 

We recall that for matrix-valued functions A := X^jl-oo A? 2 "' e ^ 
L 2 M , we define the inner product of A and B by 



(A,S):= / tr (B*A) dfj, = V tr(B*A,) 



where tr (•) denotes the trace of a matrix and define 1 1 A\ | 2 := (A, A) i . We also define, for A G , 

miloo := ess sup teT ||j4(t)|| (|| • || denotes the spectral norm of a matrix). 
Finally, the shift operator S on H^ n is defined by 

S~T zIn . 

The following fundamental result will be useful in the sequel. 

The Beurling-Lax-Halmos Theorem. A nonzero subspace M of H^ n is invariant for the shift opera- 
tor S on H^ n if and only if M = QH^> m , where is an inner matrix function in ^M„ xm ( m — n )- 
Furthermore, is unique up to a unitary constant right factor; that is, if M — AiJ 2 r (for A an 
inner function in H^ nxr ), then m = r and = AW, where W is a (constant in z) unitary matrix 
mapping C m onto C m . 
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As customarily done, we say that two matrix-valued functions A and B are equal if they 
are equal up to a unitary constant right factor. Observe by (|1.4[) that for <!> 6 Ljfi, H$S = 
H<&T z i n — H<$. z i n = H z i n .$, = T* In H§, which implies that the kernel of a block Hankel operator 
H$, is an invariant subspace of the shift operator on H^ n . Thus, if ker_ff$ 7^ {0}, then by the 
Beurling-Lax-Halmos Theorem, 

ker H* = QHl m 

for some inner matrix function O. We note that need not be a square matrix. 

On the other hand, recently C. Gu, J. Hendricks and D. Rutherford |GHRj considered the 
hyponormality of block Toeplitz operators and characterized it in terms of their symbols. In 
particular they showed that if T$ is a hyponormal block Toeplitz operator on H^„ , then its symbol 
$ is normal, i.e., $*$ = $<!>*. Their characterization for hyponormality of block Toeplitz operators 
resembles Cowen's Theorem except for an additional condition - the normality condition of the 
symbol. 

Hyponormality of Block Toeplitz Operators f |GHRj ) For each $ £ , let 

E ($) := [k e Hf In : ||!f||oo < 1 and $ - K$* € H'jfiX. 
Then T$ is hyponormal if and only if $ is normal and £($) is nonempty. 

The hyponormality of the Toeplitz operator T$ with arbitrary matrix- valued symbol $, 
though solved in principle by Cowen's Theorem |Co4j and the criterion due to Gu, Hendricks and 
Rutherford [GHR , is in practice very complicated. Until now, explicit criteria for the hyponor- 
mality of block Toeplitz operators T$ with matrix- valued trigonometric polynomials or rational 
functions <I> were established via interpolation problems f |GHR| . |HL4] . |HL5j ). 

In Section 3, we obtain a tractable criterion for the hyponormality of block Toeplitz operators 
with bounded type symbols. To do this we employ a continuous analogue of the elementary theorem 
of Schur on triangularization of finite matrices: If T is a finite matrix then it can be represented 
as T = D + N, where D is a diagonal matrix and N is a nilpotent matrix. The continuous 
analogue is the so-called triangularization theorem for compressions of the shift operator: in this 
case, D and N are replaced by a certain (normal) multiplication operator and a Volterra operator 
of Hilbcrt-Schmidt class, respectively. 

Section 4 deals with the gap between hyponormality and subnormality of block Toeplitz 
operators. The Bram-Halmos criterion for subnormality ([Br], [Con]) states that an operator T E 
B(H) is subnormal if and only if J2i j(T l Xj,T^Xi) > for all finite collections xq,x%, ■ ■ ■ ,Xfc € %■ 
It is easy to see that this is equivalent to the following positivity test: 

>0 (all fc > 1). (1.6) 

The positivity condition (|1.6[) for k = 1 is equivalent to the hyponormality of T, while subnormality 
requires the validity of (ll.6[) for all k € Z+. The Bram-Halmos criterion indicates that hyponor- 
mality is generally far from subnormality. But there are special classes of operators for which 
the positivity of (|1.6[) for some k and subnormaity are equivalent. For example, it was shown in 
f |CuLlj ) that if ^ /^ja is the weighted shift whose weight sequence consists of the initial 

weight x followed by the weight sequence of the recursively generated subnormal weighted shift 
^(x/a Vb Vc) A w ^ n an initial segment of positive weights ^/a, Vb, ^/c (cf. [CuFlj . |CuF2j . |CuF3j ). 
then W a is subnormal if and only if the positivity condition (| 1 . 6[) is satisfied with k = 2. On the 
other hand, in [Hal3l Problem 209], it was shown that there exists a hyponormal operator whose 
square is not hyponormal, e.g., U* + 2U (U is the unilateral shift on £ 2 ), which is a trigonometric 
Toeplitz operator, i.e., U* + 2U = T z +2z- This example addresses the gap between hyponormality 
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and subnormality for Toeplitz operators. This matter is closely related to Halmos's Problem 5 
[Hall] , |Hal2] : Is every subnormal Toeplitz operator either normal or analytic ? 

In [CuLT, as a partial answer, it was shown that every hyponormal Toeplitz operator T v 
with trigonometric polynomial symbol ip whose square is hyponormal must be either normal or 
analytic. In [Gu3 , C. Gu showed that this result still holds for Toeplitz operators T v with rational 
symbol ip (more generally, in the cases where ip is of bounded type). In Section 4 we prove the 
following theorem: If $ is a matrix- valued rational function whose co-analytic part has a coprime 
factorization then every hyponormal Toeplitz operator 7$ whose square is hyponormal must be 
either normal or analytic. This result generalizes the results in jCuLl] and |Gu3j . 

In Section 5, we consider a completion problem involving Toeplitz operators. Given a partially 
specified operator matrix, the problem of finding suitable operators to complete the given partial 
operator matrix so that the resulting matrix satisfies certain given properties is called a completion 
problem. The dilation problem is a special case of the completion problem: in other words, a dilation 
of T is a completion of the partial operator matrix ["??]■ In recent years, operator theorists have 
been interested in the subnormal completion problem for 

~U* ? " 

? U* ' 

where U is the unilateral shift on H 2 . If the unspecified entries ? are Toeplitz operators this is called 
the Toeplitz subnormal completion problem. Thus this problem is related to the subnormality of 
block Tocplitz operators. In Section 5, we solve this Toeplitz subnormal completion problem. 
Finally, in Section 6 we list some open problems. 

Acknowledgment. The authors are indebted to the referee for suggestions that improved the 
presentation. 



2. Basic Theory and Preliminaries 

We first recall |Abl Lemma 3] that if tp 6 L°° then 

tp> is of bounded type <^=> ker H v ^ {0} . (2-1) 

If (p € L°° , we write 

ip + = Pip e H 2 and <p_ = P^ip g zH 2 . 
Assume now that both ip and Tp are of bounded type. Then from Beurling's Theorem, ker 77— = 
9qH 2 and ker 77— = 9 + H 2 for some inner functions 9o,9 + . We thus have b := Tp^Q$ £ 77 2 , and 
hence we can write 

<ys_ = 9ob and similarly p+ = 9 + a for some a € H 2 . (2-2) 
In particular, if T v is hyponormal then since 

[ 1 ipi 1 <p\ - n-^iiy- tl^titp — tL—H—- ti—tL—, {1.6) 

it follows that \\H— f\\ > /|| for all / € H 2 , and hence 

9+H 2 = ker % C ker H— = 9 H 2 , 

which implies that 9q divides 9 + , i.e., 9 + — 9 a 9i for some inner function 6\. We write, for an inner 
function 9, 

U{9) :=H 2 e9H 2 . 

Note that if / = 9a G L 2 , then / e H 2 if and only if a € H(zQ)\ in particular, if /(0) = then 
a e H(0). Thus, if <p = TpT + ip + g L°° is such that ip and Ip are of bounded type such that 
y+(0) = and T v is hyponormal, then we can write 

tp+ = 9o9\a and ip- — dob, where a e H(9q9i) and 6 G H(9q). 
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By Kronecker's Lemma [MJ p. 183], if / € H°° then / is a rational function if and only if r&nkHj < 
oo, which implies that 

/ is rational / = 9b with a finite Blaschke product 9. (2-4) 

Also, from the scalar- valued case of (11.41) . we can see that if k G £(<p) then 

i T ^ T v] = H^H ¥ - HyH v = H^Hjp - H* k ^H kT p = H^(l - T~T|)i%. (2.5) 

On the other hand, M. Abrahamse |Abl Lemma 6] showed that if T v is hyponormal, if (p ^ H°°, 
and if tp or Tp is of bounded type then both tp and Tp are of bounded type. However, by contrast to 
the scalar case, 4>* may not be of bounded type even though T$ is hyponormal, $ ^ ^m„ an d ^ * s 
of bounded type. But we have a one-way implication: if T$ is hyponormal and $* is of bounded 
type then <!> is also of bounded type (see }GHR1 Corollary 3.5 and Remark 3.6]). Thus whenever 
we deal with hyponormal Toeplitz operators T$ with symbols $ satisfying that both $ and $* are 
of bounded type (e.g., $ is a matrix- valued rational function), it suffices to assume that only $* is 
of bounded type. In spite of this, for convenience, we will assume that <3> and are of bounded 
type whenever we deal with bounded type symbols. 

For a matrix- valued function $ G ^M„ r i we sa y that A G m is a left inner divisor of 

$ if A is an inner matrix function such that $ = A A for some A G (m < n). We also say 

that two matrix functions $ G H\j and W G are Ze/t coprime if the only common left 

inner divisor of both $ and ^> is a unitary constant and that $ G and G are 

right coprime if $ and ^ are left coprime. Two matrix functions $ and $ in are said to be 

coprime if they are both left and right coprime. We note that if $ G is such that det $ is 

not identically zero then any left inner divisor A of $ is square, i.e., A G H\ f : indeed, if $ = A A 
with A G (r < n) then for almost all z G T, rank$(z) < rankA(z) < r < n, so that 

det $(2) = for almost all z G T. If $ G -H~m * s sucn that det $ is not identically zero then we say 
that A G is a right inner divisor of $ if A is a left inner divisor of $. 

On the other hand, we have (in the Introduction) remarked that O need not be square in 
the equality ker iJ$ = QH^ n , which comes from the Beurling-Lax-Halmos Theorem. But it was 
known [GHR, Theorem 2.2] that for $ G , $ is of bounded type if and only if kerff$ = QH^ n 
for some square inner matrix function O. 

Let {©i G Hfj : i G J} be a family of inner matrix functions. Then the greatest common left 
inner divisor ©^ and the least common left inner multiple m of the family {©,; G Hjfi : i G J} 
are the inner functions defined by 

0d#cp = V 6 ^C" and Q m Hh = f| &iH C- 
ie.J ie.J 

The greatest common right inner divisor ©^ and the least common right inner multiple Q' m of the 
family {©i G : i G J} are the inner functions defined by 

©^C" = V^C" and Q' m Hl = P|0i#c- 

ie.J ieJ 

The Beurling-Lax-Halmos Theorem guarantees that ©^ and © m are unique up to a unitary constant 
right factor, and 0' d and 0' n are unique up to a unitary constant left factor. We write 

© d = GCD, {©i : i G J}, © m = LCM, {©,; : i G J}, 

©^ = GCD r {©i : i G J}, ©' m = LCM r {©, : i G J}. 

If n = 1, then GCB e {•} = GCD r {•} (simply denoted GCD {•}) and LCM e {•} = LCM r {•} (simply 
denoted LCM {•}). In general, it is not true that GCB e {•} = GCD r {•} and LCM e {•} = LCM r {•}. 

However, we have: 
Lemma 2.1. Let ©^ := 9il n for an inner function 9i (i G J). 
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(a) GCD^ {Qi :i£j} = GCD r {8, : i £ J} = 6 d I n , where 9 d = GCD {9 t : i £ J}. 

(b) LCM e {9i : i £ J} = LCM r {9 4 : i £ J} = 9 m I n , where 9 m = LCM {9 l :i£,J}. 

Proof, (a) If Q d = GCDi{0 < : i £ J}, then 



e d ffg„ = \/ 9^„ = \/ tf 4 tf 2 = 9 d H\ 
ie.J j=l ieJ j=l 

which implies that <d d = 9 d I n with 9 d = GCD {9i : i £ J}. If instead Q d = GCD r {9i 
then 9d = GCD£{9i : i £ J}. Thus we have & d = 9 d I n and hence, & d = 9 d I n . 
(b) If 9 m = LCM £ {9, : i £ J}, then 



i £ J} 



9 m -ffc„ 



ie.J j=l i£J j=l 

which implies that 9 m = 9 m I n with 9 m = LCM {9i : i £ J}. If instead 9 r . 
then the same argument as in (a) gives the result. 



LCM r {9i : i £ J}, 
□ 



In view of Lemma |2. 11 if 9j = 9il n for an inner function 9{ (i £ J), we can define the greatest 
common inner divisor 9^ and the least common inner multiple 9 m of the 9^ by 

O d = GCD {9, : i £ J} := GCD^ {9, : i £ J} = GCD r {9, : i £ J}; 

9 m = LCM {9, : i £ J} := LCM e {9, : i £ J} = LCM r {9 4 : i £ J} : 

they are both diagonal matrices. 



For $ £ L'm we write 
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>+ .- P n (*) G H 2 Mn and := * G H\ 

Thus we can write $ = $1 + $ + . Suppose $ = [<Pij] G L 1 ^ is such that $* is of bounded type. 
Then we may write ifij = 9ij b^ , where 9i 3 is an inner function and 0-y and bij are coprime. Thus 
if 9 is the least common inner multiple of 9ij 's then we can write 

$ = [(pd = [OM = [&a l3 ] = OA* (9 = 6I n , A = [ aij ] £ H 2 M J. (2.6) 

We note that in the factorization (|2.6[) , A(a) is nonzero whenever 9(a) — 0. Let $ = <&* + G 
LjJJ be such that $ and $* are of bounded type. Then in view of (|2.6p we can write 

$+ = 9iA* and $_=9 2 S*, 

where 9^ = with an inner function 9i for i = 1, 2 and A,B£ H\ t . In particular, if $ G L^J 



is rational then the 0j can be chosen as finite Blaschke products, as we observed in (|2.4[) . 

By contrast with scalar-valued functions, in (|2.6I) 9 and A need not be (right) coprime: for 
instance, if $ := 



WW then we can write 



but 9 := [go; 
divisor, i.e., 







$ 




9A* 


and A 


._ ri i 

In 


] are not 


right 


1 


' 1 z~ 


1 




— z 


~V2 


-1 z 


' 71 


i 


1 



2 


0" 




1 


1 





z 




1 


1 



"0 1" 


1 


z —z 


1 


' V2 


1 1 



then 9 
ident: 
write 



and A= V2 

If fi = GCD £ {A, 9} in the representation (|2l)j) : 

$ = 9 A* = A* 9 (9 = 0J„ for an inner function 0), 
and A = fL4^ for some inner matrix Q# (where fit G H 2 j 



(2.7) 



identically zero) and some Ai £ 



$ = AS ili 



because det9 is not 
Therefore if $* G is of bounded type then we can 



where At and Clf are left coprime. 



(2.8) 
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AgQg is called the left coprime factorization of similarly, we can write 

$ = il r A*, where A r and J7 r are right coprime. (2-9) 
In this case, Q r A* is called the right coprime factorization of $. 

Remark 2.2. f jGHRl Corollary 2.5]) As a consequence of the Beurling-Lax-Halmos Theorem, we 
can see that 

$ = Vt r A* (right coprime factorization) keriJ<j,» = VL r H^ n . (2-10) 
In fact, if $ = Vt r A* r (right coprime factorization) then it is evident that 

keriJ*. D Vt r H^. 
From the Beurling-Lax-Halmos Theorem, 

kcriJ$, = QHl n , 

for some inner function 6, and hence (/ — P)($*0) = 0, i.e., $* = DO* , for some D € H^„. We 
want to show that il r = up to a unitary constant right factor. Since OH^ n 2 Cl r H^„, we have 
(cf. |FF[ p. 240]) that Q r = OA for some square inner function A. Thus, 

DO* = $* = A r Q* = A r A*0*, 

which implies A r = DA, so that A is a common right inner divisor of both A r and fl r . But since 
A r and fi r are right coprime, A must be a unitary constant. The proof of the converse implication 
is entirely similar. □ 

From now on, for notational convenience we write 

I u := uil n {cj€H 2 ) and H 2 := I z H 2 Mn . 

It is not easy to check the condition "B and 8 are coprime" in the decomposition F = B*0 
(O = Ie is inner and B E Hj^ ). But if F is rational (and hence O is given in a form O = Ig with 
a finite Blaschke product 9) then we can obtain a more tractable criterion. To see this, we need 
to recall the notion of finite Blaschke- Potapov product. 
Let AeD and write 

1 — \z 

which is called a Blaschke factor. If M is a closed subspace of C" then the matrix function of the 
form 

b\PM + (I — Pm) (Pm :=the orthogonal projection of C™ onto M) 
is called a Blaschke-Potapov factor ; an n x n matrix function D is called a finite Blaschke-P otapov 
product if D is of the form 

M 

D 

m— 1 

where v is an n x n unitary constant matrix, b m is a Blaschke factor, and P m is an orthogonal 
projection in C" for each m — l,--- , M. In particular, a scalar-valued function D reduces to 
a finite Blaschke product D = ^Y[m=i^"i, where v — e 1 ^ . It is also known (cf. [Po] ]) that an 
n x n matrix function D is rational and inner if and only if it can be represented as a finite 
Blaschke-Potapov product. 

Write Z(9) for the set of zeros of an inner function 9. We then have: 

Lemma 2.3. Let B 6 Hfj be rational and O = Ig with a finite Blaschke product 9. Then the 
following statements are equivalent: 

(a) B(a) is invertible for each a G 2(9); 

(b) B and O are right coprime; 

(c) B and O are left coprime. 

Proof. See pTEl Lemma 3.10]. □ 
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If O € is an inner matrix function, we write 

H(Q) := (e^J-L ; 
He := {®H 2 M y- 
/C e := {H 2 M Q^. 

If G = Ig for an inner function 6 then Hq = ICq and if n — 1, then H(Q) = He = 1C& ■ 

The following lemma is useful in the sequel. 

Lemma 2.4. If O £ iZj^ is an inner matrix function then 

dim'H(O) < oo •£=>■ O is a finite Blaschke-Potapov product. 

Proof. Let 

<5 := GCD {cj : w is inner, 9 is a left inner divisor of ft — 7 W } and A := Jj , 

in other words, S is a 'minimal' inner function such that A = Ig = 0©i for some inner matrix 
function Oi. Note that 

is a finite Blaschke-Potapov product =>■ 6 is a finite Blaschke product 

=> dimH(A) < oo. 

Observe that 

■H(A) = H(QQi) = H{@) 0K(0i) . 

Thus if is a finite Blaschke-Potapov product, then dim H{Q) < oo. Conversely, we suppose 
dim"H(0)<oo. Write := [%]% =1 . Since 

mnkm < rankle- = dim"H(0) < oo , 

it follows that Oi^s are rational functions. Thus is a rational inner matrix function and hence 
a finite Blaschke-Potapov product. □ 

Lemma |2 .41 implies that every inner divisor of a rational inner function (i.e., a finite Blaschke- 
Potapov product) is also a finite Blaschke-Potapov product: indeed, if is a finite Blaschke- 
Potapov product and Oi is an inner divisor of 0, then dimH(0i) < dim H(Q) < oo, and hence 
by Lemma \2 .41 Oi is a finite Blaschke-Potapov product. 

From Lemma we know that every inner divisor of B\ := If, x E is a finite Blaschke- 
Potapov product. However we can say more: 

Lemma 2.5. Every inner divisor of B\ := If, x £ is a Blaschke-Potapov factor. 

Proof. Suppose D is an inner divisor of B\ . By Lemma 12.41 D is a Blaschke-Potapov product of 
the form 

m 

D = v JJ Di with Di := b Xi P t + {I - Pf) (m < n). 

»=i 

We write B\ — ED for some E £ H^^. Observe that B\(Xi) is not invertible, so that Xi = X for 
all i = 1, 2 . . . , m. We thus have 

tit— 1 

Pra + b X {I - Pm) = B\D* m = E ■ V JJ D t . 

i=l 

Then we have 

kerP m = ker{B x D* m )(X) D ker£> m _i(A) = ranP ro _i, 
which implies that P m P m -\ = 0, and hence P m and P m -i are orthogonal. Thus D m -iD m is a 
Blaschke-Potapov factor. Now an induction shows that D is a Blaschke-Potapov factor. □ 
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By the aid of Lemma \2. 51 we can show that the equivalence (b)<J=>(c) in Lemma \2. 31 fails if 9 
is not a constant diagonal matrix. To see this, let 



o 

1 



and 82 := 



1 

71 



z —z 
1 1 



Then := O182 and ©i are not left coprime. Observe that 

1 



©1 



ba 

1 



e = 



V2 



zba 1 
— zbr; 1 



Since every right inner divisor A of Oi is an inner divisor of B ff := it follows from Lemma 
2.51 that A = 81 (up to a unitary constant right factor). Suppose that and 0i are not right 
coprime. Then and ©i are not left coprime and hence 0i is a left inner divisor of 0. Write 

(fa G H 2 ). 



1 

71 


zba 1 

— zba 1 




'ba 
1 




'hi 

M 


hi 

hi_ 


Then we have ^= = baf 12, 


so that / 


12 — 




H 2 , 


givin 



For X a subspace of , we write Px for the orthogonal projection from onto X. 



Lemma 2.6. Let G 



be an inner matrix function and A G H 2 t . Then the following hold: 

(a) A G tC @ <S=^ GA* g H 2 ; 

(b) AeHe^A*6£H 2 ; 

(c) P HS (QA*) = Q(p KB Ay. 

Proof. Let C G be arbitrary. We then have 
A g K e (A, CQ) = 

tr ((C0)*A) = 

tr (C* AQ*) d[i = (since tr(AB) = tr(SA)) 

(A0*,C) =0 
©A* g ff 2 , 

giving (a) and similarly, (b). For (c), we write A = A\ + A2, where A\ := P/c e A and A2 :— A3O 
for some A3 G H 2 j n ■ We then have 

P H 2(QA*) = P H *{QA\ + QA*) = (©(P^^)* + 00M*) - e(P Ke A)* , 



giving (c). 



□ 



We next review the classical Hermite-Fejer interpolation problem, following [FFJ : this ap- 
proach will be useful in the sequel. Let 9 be a finite Blaschke product of degree d: 

N (~ - 

9 = ^ liik)" 1 * ( h := ^^r- z , where a t G 



where d = X^^li m i- F° r our purposes rewrite 9 in the form 

d 

= e*l[b j , 
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where 

fc-l k 
b 3 := b k if ^ m ; < j < ^ to; 

1=0 1=0 
and, for notational convenience, mp := 0. Let 



1 — OLaZ 



J —b J -ib J - 2 ---b l (l<j<d), 



(2.11) 



where ip\ := q\{\ — aiz)^ 1 and qj := (1 — | « ^ | 2 ) ^ (1 < j < d). It is well known (cf. |Taj ) that 
{fj}j=i is an orthonormal basis for W(9). 

For our purposes we concentrate on the data given by sequences ofnxn complex matrices. 
Given the sequence {Kij : 1 < i < N, < j < rrii} ofnxn complex matrices and a set of distinct 
complex numbers a\, . . . , ajv in D, the classical Hermite-Fejer interpolation problem entails finding 
necessary and sufficient conditions for the existence of a contractive analytic matrix function K in 
H M n satisfying 

KV){cti) 



K 



3- 



(l<i<N, < j < rrii). 



(2.12) 



To construct a matrix polynomial K(z) = P(z) satisfying ()2. 12|) . let Pi(z) be the polynomial of 
order d — mi defined by 



JV 



z - a k \ m " 



Oil - OL k 



Vi{z):= [] 

k=l,k=£i 

Consider the matrix polynomial P(z) of degree d — 1 defined by 

P(z) := {x'i,o + Ki( z ~ «i) + K M Z - a ^ + ■■■ + *Wi(* ~ a i) mi ~^j Pi( z ), ( 2 - 13 ) 
where the K[ j are obtained by the following equations: 



1 K' r>^~ V(ae) 

—\ ( X - 1 - N i < j < rrii) 



k=0 



and K' l0 = K ija (l<i< N). Then P(z) satisfies (|2TT2l) . 

On the other hand, for an inner function 0, let Ug be defined by the compression of the shift 
operator U : i.e., 

Ug = P-H(6)U\-H{6)- 

Let O = Ig and W be the unitary operator from © x C™ onto H(O) defined by 

W^OW^,---,/^), (2.14) 



where the </5j are the functions in (|2.11[) . It is known |FF[ Theorem X.1.5] that if 9 is the finite 
Blaschke product of order d, then Ug is unitarily equivalent to the lower triangular matrix M on 
C d defined by 



M := 



Q'l 

-<?icfig3 

-giQ2Q3«4(75 












a 2 








(72173 


az 





-I72Q3<74 


<73<74 


04 


I72a3«4(75 


-<73a4<75 


94(75 



« r, 



(2.15) 
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If L £ M n and M = [rriijjdxd, then the matrix L ® M is the matrix on 1 
matrix 

Lmi i Lmi 2 ■ ■ • Lmi d 



ixd 



defined by the block 



L<2) M := 



Lrri2,i Lm 2 ,2 
Lm d ,i Lm d2 



Lm 2 , 



Lm d>d _ 

Now let P(z) £ be a matrix polynomial of degree k. Then the matrix P(M) on C nxd is 

defined by 

k k 
P{M) := ^ P ( ® M\ where P(z) = ^ P t z l . (2.16) 

i=0 i=0 

For $ g and := with an inner function 9, we write, for brevity, 

(2*) e := P- H (e)7*| W ( ), (2-17) 



which is called the compression of 7$ to H(Q). If M is given by (I2.15|) and P is the matrix 
polynomial defined by (I2.13|) then the matrix P(M) is called the Hermite-Fejer matrix determined 
by (|2.16l) . In particular, it is known |FF1 Theorem X.5.6] that 



W*(T P ) W = P(M), 
which says that P(M) is a matrix representation for (Tp)e- 



(2.18) 



Lemma 2.7. Let A £ and = Ig for a finite Blaschke product 9. If A(a) is invertible for all 

a £ Z(9) then (Ta)q is invertible. 

Proof. Suppose (T A ) e f = for some / £ H(G), so that P n{e) {Af) = and hence, Af £ QH^. 
Since A(a) is invertible for all a £ Z(9), it follows that / £ QH^ n and hence, / £ QH^ n nH(O) = 
{0}. Thus (Ta)b is one-one. But since (Ta)b is a finite dimensional operator (because 9 is a finite 
Blaschke product), it follows that (Ta)o is invertible. □ 



3. Hyponormality of Block Toeplitz Operators 

To get a tractable criterion for the hyponormality of block Toeplitz operators with bounded type 
symbols, we need a triangular representation for compressions of the unilateral shift operator 
U = T z . We refer to |ACj and [Nl] for details on this representation. For an explicit criterion, 
we need to introduce the triangularization theorem concretely. To do so, recall that for an inner 
function 9, Ug is defined by 

U e = P H{e) U\ H{e) . (3.1) 

There are three cases to consider. 

Case 1 : Let B be a Blaschke product and let A := {A„ : n > 1} be the sequence of zeros of B 
counted with their multiplicities. Write 

/3i:=l, A:=2^-^ (*>2), 

„=1 1 ~ X nZ A„ 



and let 

d 
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where dj := (1 — |Aj| 2 )^. Let \ib be a measure on N given by /is({n}) := \d\, (n e N). Then the 
map Vb ■ L 2 (fi B ) ->• H{B) defined by 

v b(c) := V c(n)d„J n , c ee {c(n)}„>i, (3.2) 

^ 2 n>l 

is unitary and [/# is mapped onto the operator 

VbUbVb = (I- Jb)M b , (3.3) 
where (Mbc)(ti) := \ n c{n) (n e N) is a multiplication operator and 

(J B c)(n) := J] c(fc)|A fe |- 2 • ^d k d n (n e N) 
k=i mUj 
is a lower-triangular Hilbert-Schmidt operator. 

Cose 2 : Let s be a singular inner function with continuous representing measure fi = /i s . Let yU A 
be the projection of /U onto the arc {( : ( e T, < arg£ < argA} and let 

8 X (0 ■■= exp(- jf ^|«*)) (C e D). 
Then the map V a : L 2 (fi) -> "H(s) defined by 



(14c)(C) = V2 / C (A) SA (C)^^ (C G D) 



(3.4) 



is unitary and [7 S is mapped onto the operator 

V;U a V a = (I- J a )M a , (3.5) 
where (M s c)(A) := Ac(A) (A e T) is a multiplication operator and 



(J a c)(\)=2 f e^-^c(t)d^(t) (AST) 



/t 

is a lower-triangular Hilbert-Schmidt operator. 

Case 3 : Let A be a singular inner function with pure point representing measure \i = [i A . We 
enumerate the set {( £ T : m({0) > 0} as a sequence {ifc}fc S N- Write /z^ := /^({ifc}), fc > 1. 
Further, let /z A be a measure on M + = [0, oo) such that dfi A (\) = /X[A]+idA and define a function 
A A on the unit disk ID by the formula 

[A] 



A A (C) := cx p|-X]A*fe^— £ - (A- [A])M[A]+i 



*[A] + 1 + C 
*[A] + 1 - C 



where [A] is the integer part of A (A e M + ) and by definition Ao := 1. Then the map V A : 
L 2 (n A )^H(A) defined by 

(F A c)(0 := V2 / c(A)A A (C)(l - i [A]+1 C)- 1 rfMA(A) (C € D) (3.6) 

is unitary and U A is mapped onto the operator 

V£U A V A = (I- J A )M A , (3.7) 
where (Mac) (A) := i[ A ]+ic(A), (A e K + ) is a multiplication operator and 



(J A c)(A) : = 2 £c(t)^d l x A 0; (A t E_ ) 

is a lower-triangular Hilbert-Schmidt operator. 
Collecting the above three cases we get: 
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~V B 








V := 





BV S 













BsV A 



Triangularization theorem. f |Ni[ p. 12 3]) Let 9 be an inner function with the canonical factorization 
9 = B ■ s ■ A, where B is a Blaschke product, and s and A are singular functions with representing 
measures fi s and fj, A respectively, with [i s continuous and fi A a pure point measure. Then the map 
V : L 2 (^ B ) x L 2 (fi s ) x L 2 (p A ) -> U(9) defined by 



(3.8) 



is unitary, where Vb, Hb, Vs, Us, ^a, A* a are defined in Q3.2p - (|3 . T[) and £/# is mapped onto the 
operator 

'M B 
M s +J. 
M A 

where Mb, Ms, M A are defined in ([3T5]l , (|3"3j) and (gH]) and 

~J B AJ B 

J S M S -!- .1 
J A M A 

is a lower-triangular Hilbert-Schmidt operator, with A 3 — 0, rankA < 3. 



M ■=V*U () V = 



J 



if $ eL 



oo 



t , then by (|L3[) . 

Since the normality of $ is a necessary condition for the hyponormality of T$, the positivity of 
ii|,*ii$» — H$H$ is an essential condition for the hyponormality of T$. Thus, we isolate this 
property as a new notion, weaker than hyponormality. The reader will notice at once that this 
notion is meaningful for non-scalar symbols. 



Definition 3.1. Let $ 6 . The pseudo-selfcommutator of T$ is defined by 

[7$,T$]p := Hq*H$* — H$H<z>. 
7$ is said to be pseudo-hyponormal if [T£,T$] p is positive semidefinitc. 

As in the case of hyponormality of scalar Toeplitz operators, we can see that the pseudo- 
hyponormality of T$ is independent of the constant matrix term $(0). Thus whenever we consider 
the pseudo-hyponormality of T$ we may assume that $(0) = 0. Observe that if $ € Lfj then 

[7$, ?$] = [7$; ?$]p + 7$ *<£>_$<!)» . 

We thus have 

T$ is hyponormal <^=4> T$ is pseudo-hyponormal and <fr is normal; 
and (via }GHR| Theorem 3.3]) 7$ is pseudo-hyponormal if and only if £ ($) ^ 0. 
For $ = $1 + <E> + e Lf In , we write 

C($) := [K G Hi 



$- jf$* e h 



Thus if $ G then 



if G C($) and 1 1 if | 



< 1. 



K G £($) 4= 

Also if if G C($) then = H K<S> , + 

nonempty- ness of C($) (and hence the hyponormality of T$): in other words 

if G C($) 



T~.H$* + , which gives a necessary condition for the 



kerff$* C keriJ$* 



(3.9) 



We begin with: 
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Proposition 3.2. Let $ = $*_ + <E> + e be such that $ and $* are of bounded type. Thus we 

may write 

$+ = 6iA* and $_ = & 2 B* , 

where Q{ = Ig i for an inner function 9i (i = 1,2) and A,BG H 2 j . 7/C($) 7^ 0, f/ien O2 is an 
inner divisor of Q\, i.e., 0i = Oq02 for some inner function 0q. 



Proof. In view of (|2.6[) we may write 

$+ = \6\aa] v and $_ = [02&iil = [Am-chI „ , 

where each 9ij is an inner function, € -ff 2 , ^ and Cy are coprime, and #2 is the least common 
multiple of fty's. Suppose C($) 7^ 0. Then there exists a matrix function K G ff^ such that 
$1 - G iff^. Thus 56*. - KA@l G ff|f n , which implies that 

But since 02&jj = 9ijCij, and hence = 02&ijCij, it follows that 

bj$i®\ = (&20ji c ji) @2@i = OjiCjiOx 6 
Since Oji and Cji are coprime, we have that 

OjiOi G ff 00 , and hence 2 6»i G H°° , 
which implies that 62 divides ©]_. □ 

Proposition 13.21 shows that the hyponormality of T v with scalar- valued rational symbol ip 
implies 

deg(<^_) < deg(<^+), 

which is a generalization of the well-known result for the cases of the trigonometric Toeplitz 
operators, i.e., if (p = J2n=-m a « z ™ i s such that T v is hyponormal then m < N (cf. |FL] ). 



In view of Proposition 13.21 when we study the hyponormality of block Toeplitz operators 
with bounded type symbols <I> (i.e., $ and $* are of bounded type) we may assume that the symbol 
$ = $*_ + <f> + G Lf In is of the form 

$+ = 8160.4* and $_=9iB*, 

where 0,; := Ig i for an inner function 9i (i = 0, 1) and A,Be H\ [ . 

Our criterion is as follows: 

Theorem 3.3. Let $ = $*_ + $ + G be normal such that $ and $* are of bounded type of the 
form 

$+ = 6160^* and $_=eiB*, 
where Q{ — Ig i for an inner function 9i (i — 0, 1) and A, B G H%j . Write 

V :L = L 2 (pL B ) x L 2 (li s ) x L 2 (/i A ) H(0i0 o ) is unitary as in (3.8); 

m : = y*i/ Mo v; 

C:=L® C" 
If K £ C($) tfien 

[T|, r*] = (T A )^e G V(/U-A-(Mrif(M))v*(T j4 )e 1 eo 0| ei e o ^„ , 
where K(M) is understood as an H°° -functional calculus. Hence, in particular, 

K(M) is contractive ==> T$ is hyponormal; 



(3.10) 
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the converse is also true if (Ta)0 1 o has dense range, and in this case, 

rank[T,;, T»] = rank (l\ c - K(M)*K{M)}. 

Proof. Let E,F e %(Oi©o) and e C($). Since keriT e . e * = Q^QqH^, we have 

Hq*q* k E = H & * @ *(P n ( @1@0 )(KE)). 
Since HQ* e *H@*Q* is the projection onto H(Qi®q), it follows that 



(^V)eie -^! (TV)eieo-f 1 



which gives 

Observe that [T|,T$] = -ff^ e »Q. -ff^e^e* — H Be ,HBe* because $ is normal. But since 
clran(i^ e , e ,iT A ©, e ;) = (keri^eje^ C {Q^H 2 ^) 1 - = H(9i9 ) 

and 

c\mn(H* Bei H Bei ) = (keriTse^ C (Giflgn) 1 " = W(0i), 
we have ran [T|,T*] C W(0i6 o ). But since $ - i\T$* G Hf u , it follows that on "H(0i© o ), 



H(0i0 o ) 

I IT* IT IT* IT 



«(ei6 ) 



= T, 



(A+0!e o *-) i 



= ( 7 A)e 1 e (^l«(6ie ) - {TK)*& l e Q {TK)& 1 e^j{TA)e 1 e , 



n(0i0 o ) 



where (Ta)0 1 o is understood in the sense that the compression (Ta)0 1 & o is bounded even though 
Ta is possibly unbounded; in fact, 

P'H(e 1 o )T(A+0 1 0o<S>-)\'H(0 1 e o ) = P-H(0i0o) T a\-H(0i0o)- 

On the other hand, since K{z) = [k rs (z)\ 1< s<n e #m„' we ma y wr he 

oo 
i=0 

We also write k rs (z) :— J^'o' 7 - 1 an d then Ki = ^ rs - ) 



We thus have 



Kr,s<n 
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{Tk)&i0 o - P-H(BiB )Tk\h{Bi& ) 

= [ p H(ei0 o )Tk rs \u(eieo)]i< r ^< n 



OO 



- Kr,s<n 



oo 

E 

,i=0 
oo 

E 

oo 

E 

»=0 



C< ( S) ( K P-H{e 1 e )T z \n(e 1 e ] 



(because 9 1 9 H 2 C LatT z ) 



Ule ® , 



Let be an orthonormal basis for H(6i9q) and put e 3 := y 

basis for L 2 {pb) x L 2 {[i s ) x L 2 (^a). Thus for each / € C™, we have V(ej ® f) — 
follows that 



j . Then {e^} forms an orthonormal 
/. It thus 



oo 



i=0 



=E(feo^)® 

i=0 
oo 

= E( f/ U^> Ve k )(Kif,g 

i=0 

oo 

= 5Z(( M ' ® ^X e i ® /)' e fc ® 
K(M)( ej ®f), e k ®g). 



which implies that 



(3.11) 



V*(T K ) @1 e V = K(M). 

Here K(M) is understood as a ff 00 -functional calculus (so called the Sz.-Nagy-Foias, functional 
calculus) because M is an absolutely continuous contraction: in fact, we claim that 

every compression of the shift operator is completely non-unitary. 

To see this, write PxUPx for the compression of U to X = PxH 2 with some projection Px- 
We assume to the contrary that PxUPx has a unitary summand W acting on a closed subspace 
y C X. But since \\U\\ = 1, we must have that Py±U\y = 0. Thus we can see that y is an 
invariant subspace of U. Thus, by Beurling's Theorem, y = 9H 2 for some inner function 9. But 
then W(9H 2 ) = z9H 2 , and hence W is not surjective, a contradiction. Hence every compression 
of the shift operator is completely non-unitary. We can therefore conclude that 



□ 



[T*, T*} = (T A )* eieo V(l\£-K(MyK(M))V*(T A ) ei e 0| ei e o ^„ 
The remaining assertions follow trivially from the first assertion. 



If $ is a scalar- valued function then Theorem 13.31 reduces to the following corollary. 
Corollary 3.4. Let ip = ip*_ + ip + G L°° be such that ip and Tp are of bounded type of the form 

tp+ = 9i9oa and Lp~ = 9\b, 
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where Q\ and 8q are inner functions and a,b £ H 2 . If k € C(tp) then 

T v is hyponormal k{M) is contractive, 

where M is defined as in (|3.10l) . 

Proof. By Theorem 13.31 it suffices to show that (T a )g 1 g has dense range. To prove this suppose 
( T a)* ei e f = for some / € H(Mo)- Then P H(gi g a) {af) = 0, i.e., af = 6 1 Q h for some h G H 2 . 
Thus we have aO^of e (H 2 )^ n H 2 = {0}, which implies that / = 0. Therefore {T a )* 8l0o is 1-1, 
which gives the result. □ 



Remark 3.5. We note that in Corollary 13.41 if <p is a rational function then M is a finite matrix. 
Indeed, if ip is a rational function, and hence 9i9q is a finite Blaschke product of the form 

d 

n z ~ a 
l - mz ' 



?1 CO 



3=1 



then M is obtained by ([535|1 . 



□ 



Remark 3.6. We mention that K £ C($) may not be contractive, i.e., there might exist a function 
ifeC($)\£(<I > ). In spite of this, Theorem 13.31 guarantees that 

/ - K(M)*K(M) 

is unchanged regardless of the particular choice of K in C (<!?). We will illustrate this phenomenon 
with a scalar-valued Toeplitz operator with a trigonometric polynomial symbol. For example, let 

$(z) = z~ 2 + 2z^ 1 + z + 2z 2 . 

If K(z) = 5 + |z, then $1 - X-S; = 0~ 2 + 2z- r ) - (| + Iz)!^^ 1 + 2z~ 2 ) = -| e i? 00 , so that 
if € C($), but ||if||oo = | > 1- However by (pT[5j) we have 



M 





1 



and hence, K(M) 



so that 



/ - K(M)*K(M) = 



1 
1 



13 3 

\ e ! 

8 4 



I 

4 2 



5 3 8 
8 4 



> o, 



which implies that T$ is hyponormal even though ||-ftT||oo > 1- Of course, in view of Cowen's 



Theorem, there exists a function b £ £ ( < I > ): indeed, 6(z) 



Gf(*) 



□ 



We now provide some revealing examples that illustrate Theorem 137 
Example 3.7. Let A be a singular inner function of the form 

A=-«p(£±i) 



and consider the matrix-valued function 



$ : = 



A zA + zA 
'zA + zA A 



We now use Theorem 13.31 to determine the hyponormality of T$ . Under the notation of Theorem 
I we have 

ei = i zA , e = la, A = [? i| , /) = 



1 



z 1 
1 z 



If we put 



K{z) := 



1 z 
z 1 
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then a straightforward calculation shows that K G C(<I>). Under the notation of Theorem 13.31 we 
can see that 

" I\ L ] 



(Ta) 







But since 



it follows that 



K(M) 



K{M)*K{M) 



C — > C is invertiblc. 



I\l M 
M I\ L 



M*M M + M* 
M + M* M*M 



which is not positive (simply by looking at the upper-left entry). It therefore follows from Theorem 
3.31 that T$ is not hyponormal. □ 



Example 3.8. Let A be a singular inner function of the form 

'z + r 



A := exp 



z - 1 



and let 



Consider the function 



Xp ' 2 ' z~l 



lA + ^O 
50 V 



--Z A + -=jz + 



29 
25 



[z + 2A). 



Observe that 
We thus have 
but 



— =-z + -A + -(I-P)(z^) + c (ceC). 



29 V5 



117 
116 



> 1. 



Thus by the aid of such a function k, we cannot determine the hyponormality of T v . Using the 
notation in the triangularization theorem we can show that 

(i) L 2 ( f i A ) = L 2 {0, 1) and L 2 (^ B ) = C; 

(ii) Ma = / and M B = 0; 

(hi) (J A c)(A) = 2 /* e t - x c(t)dt for A £ (0, 1) and c € L 2 (0, 1); 

(iv) ^ = ^and(U A c)(C)=\/2/ 1 c(A)exp(-Ai±|)(l-C)- 1 rfA, (eD, C el 2 (0,l); 

(v) M ee M s X M A + J : £ -> L, where L ee C © L 2 (0, 1) H(J zA )- 

Note that "H(zA) = "H(z) © z"H(A), so that P W ( z a) = Pu(z) + zP n(A) z. We then have 



"c/ z 




' «(*) " 






a zUaz 




zH(A)_ 


-4 


_zH(A)_ 



u zA 

Since U z = 0, it follows that 
By using the fact that P%(#) = I — 9P8, we can compute 



~Vz 





* 


"0 







'Vz 










zU A _ 




a 


zUaz 







^u A _ 






(zV A )*aV z I-J A 



» = /'.»,a.C- ■ I) = --/»,a"C ■ I) = ) = : ( / - A/'A !i I ) = ; ( l-~ 
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Then we have 
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M 




VZ(l-~)V g I-Ja 



A:=Vl(l--) 



A 

A(0) 



1 
1 
1 

A straightforward calculation shows that 

25 



1 



V z . 
Aim 1 



A - A(0) 



e e 
2 + l(||A|| 2 -|A(0)| 2 ) 



1 \2 1 



1 



1 



1 



1 



k{M) 
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s (l + ^n)(i-j A) 



where 



On the other hand, consider the function 

<px{z) := (I - P){zH) + A. 

Then q := zQ, € £(tpi). Since M A = 1, it follows from Corollary EH1 that q(M) = (zCl)(I - J A ) is 
a contraction. Thus we have 



Tl 37/1 
— \\(zQ)(I- J A )A\\ < —a/1 - -77 
100 MV A ; 11 ~ 100 V e 2 



Also we consider the function 



V2 {z) :=~A + ^(I-P)(z 2 n) + A. 



Put 



B(z) 



z 2 n + l 



Since B(z) — | + f2 + Ag for some g € i? , we have 

4^- 9 



(> 2 )_ - B {<p 2 )+ = -A+ — (J - P)(^ fi) - - + —z'n + Ag A 



25 
25 



5 2E 



Since ||i?||oo = 1, it follows that T tfi2 is hyponormal. In particular, since 



that 



5 25 
* + 

5 ' 25 

4 9 



it follows from Corollary EU that r(M) = (I + |rz 2 ^)(/ - Ja) is a contraction. Thus we have 



Using the observation that if A, B, C and D are operators then 



A B 
C D 



< 



\\B\ 
\\C\\ \\D\ 
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we can see that 



||fc(M)||< 



< 



25 
29 

25 
29 



||(j + JL^fi)(I-J A ) 




4 

5_ 

m^ 1 



101 
100 



0.968 < 1, 



which, by Corollary |3.4[ implies that T v is hyponormal. 



□ 



We now consider the condition "C($) ^ 0", i.e., the existence of a function K £ such 
that $ - K<&* e i?H n . In view of (|3.9p , we may assume that 

(3.12) 
(3.13) 



keri/$* C ker7J$* 



whenever we study the hyponormality of T$. Recall ( jGuli Corollary 2]) that 
Hl.H^ - H%H$ > 3^ e i?M„ with Halloo < 1 such that = 

We thus have 



rp* I I 

K + ' 



cm* 



3K £Hf, such that §*_ - K<S>* e H 



1 M, 

= Titf*. for some K e H 



M„ 



oo 
M„ 



HU- H a <s>* ~ H%, > for some a > (by fiTl^ ) 



kei H§* + C ker_ff$* and 



(3.14) 



sup<( 



F\ 



: F e ker 



IFII = 1 V < a. 



If $ £ -^m„ * s a rational function then by Kronecker's lemma (cf. |Ni[ p. 183]), ranff$^ is finite 
dimensional. Thus by (13.141) we can see that 



cm + 



kerff$^ C ker if $^ 



Consequently, if $ € is a rational function then there always exists a function K E C($) 

under the kernel assumption (|3.12p . We record this in 

Proposition 3.9. If $ g ^M n * s a rational function satisfying kerii$* C ker7i$* , thenC(Q) * 0. 

We remark that there is an explicit way to find a function (in fact, a matrix- valued polynomial) 
K in C(<&) for the rational symbol case. To see this, in view of Proposition 13.21 suppose 4> € 
is of the form 

$ + = 9ie A* and $_ = ®iB* , 
where ®i = Ig i for a finite Blaschke product 9i (i = 0, 1). We observe first that 

Suppose 0i 8q is a finite Blaschke product of degree d of the form 

N / v m< N 



(3.15) 



i=l 



n/ z - a t 
A 1 - 5iZ 



1=1 



Then the last assertion in (|3.15l) holds if and only if the following equations hold: for each i 
l,...,iV, 







#i,0 













A ifi 








#i,0 




















*Q,o ' ' • 







A it 2 


^i,mi-l_ 




_^-"?',m ; . — 1 




■ ■ • Ki A 


Ki, _ 




_Ai^rrii — 1_ 



(3.16) 
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where 

Ki j : — - , Ai j :— - and Bi j : — - . 

Thus if is a function in for which 

— — i — A, , (1<»<JV, 0<j<mi), (3.17) 

where the Ifjj are determined by the equation (|3.16p . This is exactly the classical Hermite-Fejer 
interpolation problem which we have introduced in Section 2. Thus the solution (|2.13p for the 
classical Hermite-Fejer interpolation problem provides a polynomial K G C($). 

Therefore we get: 

Proposition 3.10. If $ G Ljg is a rational function such that C($) ^ 0, then C($) contains a 
polynomial. 

However, by comparison with the rational symbol case, there may not exist a function K G 
C($) if $ is of bounded type. But we guarantee the existence of a function K G if the 

bounded type symbol $ satisfies a certain determinant property. To see this, we recall the notion 
of the reduced minimum modulus. If T G B(H) then the reduced minimum modulus of T is defined 
by 

(T)= / inf {H Ta; ll : ^(kerT)- 1 , ||z||=l} if T ? 
I ifT = 0. 



It is well known ( | Ap| ) that if T ^ then j(T) > if and only if T has closed range. We can 
easily show that if S,T G B(H) and S is one-one then 

7(ST) > 7 (5) 7 (T). (3.18) 

We then have: 

Proposition 3.11. Lei $ £ oe smc/i £/ia£ $ and $* are o/ bounded type satisfying 

ker C ker . 

7/ there exists 5 > suc/i £/ia£ .M := : |det $ + (e**)| < <5| has measure zero then C($) =/= 0. 

Proof. Suppose M. has measure zero for some S > 0. Write 

= 0A* (right coprime factorization). 

Since det 8 is inner, we have |det<fr+| = |detA| a.e. on T. Then by the well-known result [GGK, 
Theorem XXIII. 2. 4], our determinant condition shows that the multiplication operator Ma is 
invertible and j(Ma) > 0, where Ma} '■= Af for / € L^ n . Since A G H<jfi n , the Toeplitz operator 
T A is a restriction of M A . Thus it follows that ^{T A ) > l(M A ) > 0. Since ran ii * = %(©), it 
follows that 



Observe that 



7 (fle.) - inf {llffe-^ll : ^ e H(Q), \\F\\ = l} 
= inf{||e*F|| :FeH(e),\\F\\ = l} 



We now claim that 
Indeed, since 



^jjlwfe) * s one -° ne - (3.19) 
6ff^„ = keriJ Ae * = ker T*jH e . and ker H@. = QHl„ , 
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it follows that T~|ranff e » = T~\ n ,£-, is one-one, which gives (|3.19p . Now since 7 (1a) > it follows 
from (|3~T8]) and (j3~T9]) that 

7 (fT*.) - j(H n ) = j(Tt\ nm H @ .) > l(T* A \ n{§) ) > 7(11) = l(T A ) = 7 (T A ) > 0. 

We thus have 

supl ll^'^!! : F e (kerii^ ) X , IIFII = 1 1 < -tt^V < a for some a > 0. (3.20) 
Therefore, by (j3~l"lf we can conclude that C($) ^ 0. □ 



4. Subnormality of Block Toeplitz Operators 

As we saw in Introduction, the Bram-Halmos criterion on subnormality ([Br], [Con] ) says that 
T € B(H) is subnormal if and only if the positive test (|1.6p holds. It is easy to see that (11.61) is 
equivalent to the following positivity test: 

pi rp^rp pi*kp* 

>0 (all /c > 1). (4.1) 

rptz p^*rpk p^*krpk 

Condition (|4.ip provides a measure of the gap between hyponormality and subnormality. In fact 
the positivity condition (|4.ip for k = 1 is equivalent to the hyponormality of T, while subnormality 
requires the validity of (|4.ip for all k. For k > 1, an operator T is said to be k-hyponormal if 
T satisfies the positivity condition (|4.ip for a fixed fc. Thus the Bram-Halmos criterion can be 
stated as: T is subnormal if and only if T is fc-hyponormal for all k > 1. The /c-hyponormality has 
been considered by many authors with an aim at understanding the gap between hyponormality 
and subnormality. For instance, the Bram-Halmos criterion on subnormality indicates that 2- 
hyponormality is generally far from subnormality. There are special classes of operators, however, 
for which these two notions are equivalent. A trivial example is given by the class of operators 
whose square is compact (e.g., compact perturbations of nilpotent operators of nilpotency 2). 
Also in |CuLl[ Example 3.1], it was shown that there is no gap between 2-hyponormality and 
subnormality for back-step extensions of recursively generated subnormal weighted shifts. 

On the other hand, in 1970, P.R. Halmos posed the following problem, listed as Problem 5 in 
his lectures "Ten problems in Hilbert space" [Hall] . [Hal2 : 

Is every subnormal Toeplitz operator either normal or analytic ? 

A Toeplitz operator T v is called analytic if ip G H°° . Any analytic Toeplitz operator is easily 
seen to be subnormal: indeed, T v h = P(iph) = (ph = M v h for h £ H 2 , where M v is the normal 
operator of multiplication by ip on L 2 . The question is natural because the two classes, the normal 
and analytic Toeplitz operators, are fairly well understood and are subnormal. Halmos's Problem 
5 has been partially answered in the affirmative by many authors (cf. |Abj . | AIW] . |Co2j . |Co3j . 
[CuLlj . |CuL2j . [NT] , and etc). In 1984, Halmos's Problem 5 was answered in the negative by 
C. Cowen and J. Long [CoLj : they found an analytic function ip for which T^ +a -^ (0 < a < 1) is 
subnormal - in fact, this Toeplitz operator is unitarily equivalent to a subnormal weighted shift Wp 

with weight sequence /3 = {/3 n }, where j3 n = (1 — a 2n+2 )^ for n = 0, 1, 2, Unfortunately, Cowen 

and Long's construction does not provide an intrinsic connection between subnormality and the 
theory of Toeplitz operators. Until now researchers have been unable to characterize subnormal 
Toeplitz operators in terms of their symbols. Thus the following question is very interesting and 
challenging: 

Which Toeplitz operators are subnormal? (4-2) 
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The most interesting partial answer to Halmos's Problem 5 was given by M. Abrahamse [Abj . 
M. Abrahamse gave a general sufficient condition for the answer to Halmos's Problem 5 to be 
affirmative. Abrahamse's Theorem can be then stated as follows: Let <p = ~g + f G L°° (f,g& H 2 ) 
be such that if orTpis of bounded type. If is subnormal then T v is normal or analytic. In fact, 
it was also shown (cf. |CuL2) . |CuL3j ) that every 2-hyponormal Toeplitz operator with a bounded 
type symbol is normal or analytic, and hence subnormal. On the other hand, very recently, the 
authors of |CHL) have extended Abrahamse's Theorem to block Toeplitz operators. 

Theorem 4.1. (Extension of Abrahamse's Theorem) (Curto-Hwang-Lee |CHL] ) Suppose $ = $* + 
€ is such that $ and $* are of bounded type of the form 

= B*Q {B£ H ; = Ig with an inner function 9) , 

where B and O are coprime. //T$ is hyponormal and ker[T£,T$] is invariant under T$ then T$ 
is normal or analytic. Hence, in particular, if 7$ is subnormal then T$ is normal or analytic. 

We note that if n = 1 (i.e., T$ is a scalar- valued Toeplitz operator), then $_ = W with 
b G H 2 . Thus, it automatically holds that b and 9 are coprime. Consequently, if n = 1 then 
Theorem 14.11 reduces to Abrahamse's Theorem. 

On the other hand, the study of square- hyponormality originated in [Hal3l Problem 209] . It 
is easy to see that every power of a normal operator is normal and the same statement is true for 
every subnormal operator. How about hyponormal operators? [Hal31 Problem 209] shows that 
there exists a hyponormal operator whose square is not hyponormal (e.g., U* +2U for the unilateral 
shift U). However, as we remarked in the preceding, there exist special classes of operators for 
which square-hyponormality and subnormality coincide. For those classes of operators, it suffices 
to check the square-hyponormality to show subnormality. This certainly gives a nice answer to 
question (|4.2|) . Indeed, in |CuLlj . it was shown that every hyponormal trigonometric Toeplitz 
operator whose square is hyponormal must be either normal or analytic, and hence subnormal. In 
|Gu3j . C. Gu showed that this result still holds for Toeplitz operators T v with rational symbols (p 
(more generally, the cases where both if and Tp are of bounded type) . 

The aim of this section is to prove that this result can be extended to the block Toeplitz 
operators whose symbols are matrix-valued rational functions. 

We begin with: 

Lemma 4.2. Suppose $ = <f>*L + G Ljg is a matrix-valued rational function of the form 

$_ = B*Q (coprime factorization) and $ + — QOqA* , 

where Q — Ig and ©o = I$ with finite Blaschke products 9, 9q and A, B G H\i n ■ If is 
hyponormal then A(pi) is invertible for each a G 2(9) \ Z(9q). 

Proof. Assume to the contrary that A(a) is not invertible for some a G Z(9) \ Z(9o). Then by 
Lemma l2.3[ A and B a := Ib a are not right coprime. Thus there exists a nonconstant inner matrix 
function A such that 

B a = AiA = AAi and A = AjA. 

Write O := B a Q' = <d'B a . Then we may write $+ = 9 O'AiAj. Since T$ is hyponormal, it 
follows that 

e e'Aii^„ C kertf*. C kcriJ$« = OH^, 
which implies that O is a (left) inner divisor of OqO'Ai (cf. |FF| Corollary IX. 2. 2]). Observe that 
O is a (left) inner divisor of O o 0'Ai 6*e O'Ai G B 2 Mn 

=► OoAxO'O* G H 2 Mn 
O A* G H 2 M , 
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which implies that A is a (right) inner divisor of Go- But since B a and ®q are coprime, it follows 
that A and ®o are coprime. Thus A is a constant unitary, a contradiction. This completes the 
proof. □ 



Lemma 4.3. Suppose F,B X £ Hf In (B\ :=J b J. If G — GCD e {F,B x }, then G is a Blaschke- 
Potapov factor of the form G — b\P^ + ( J — Pn) with 

N := (ranF(A)) X . 

Proof. By assumption, G = GCD r {F, B\}. Then bv Lemma [231 

G = &rPzv + (I — Pn) for a closed subspace N . 

Thus F = LG for some L 6 H ^ , where L and P\G* = Pn + bj(I — Pn) are right coprime. We 



argue that ker L(X) H ran (/ — Pn) — {0}. Indeed, if ker L(X) n ran (/ — p 



N yt {0} then 



Aft 



bj(I — Pjyi. ) would be a right inner divisor of L and Pat + bj(I — Pn) as follows: 



and hence, 



and 



L(X) 



* 

* 



No 



L = L(X) + CBj = D 



1 
bj_ 



* 

* 



N 



1 

o ^ 



Nn 



(some C, D e H 2 M ) 





"1 


0" 


N 


"1 


0" 




1 





0" 


N 


P N + bj(I-P N ) = 


bj 





N' = 


&x 










1 





N' 







h. 


N 





1 










h. 


No 


where N' := A^ 1 - iV . But since P(A) = 




H'- 




(A) 




L(X)(I- 



that 



N = ker (I — Pn) =kerP(A) = kerP*(A) = (ranP(A))" 



Therefore G = b x P N + (I - P N ) with N := (ranP(A))" 



□ 



Lemma 4.4. Let $ = <f>+ G fl^ fee a matrix- valued rational function of the form 

$ = GA rJ 4*, {right coprime factorization) , 
= A|f2, (fe/f coprime factorization) , 

where — 1$ with a finite Blaschke product 9 and A r , f2 are inner matrix functions. Then O is 
an inner divisor ofQ. 

Proof. Since A r is a finite Blaschke- Potapov product, we may write 

M 

A r = v TT (b m P m + (I - P m )) (6 m := Z J" T " ). 

ra—1 

Without loss of generality we may assume that v — I n . Define 

0q := GCD |w : uj is inner, A r is an inner divisor of O = cj/ n |. 
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Then 6q = Ilm=i ^m- Observe that 



$ = OA r A* 

M 



=0 n (b m p m +{i-p m ))K 

m—l 
M-l 

II (b m P m + {I-P m ))B M (p t 



m—l 
M-l 



= J] { bmP ™ P ™)) [ A r( P M 



b M {I-P M , 
I'm- I I'm 



A* r Q {B m :=I b J 



if p, 



M 



L then 



M-l 



* = n ( 5 ™ p ™ + ( j - p ™) ^ b « 9 



where and A r are coprime. If instead Pm 7^ ^ 5 then there are two cases to consider. 
Case 1: Let a M £ 2(6). Then 



M-l 



$ = I] ( 5 ™ P ™ + ( J - P ™)) ^i P m© ( with ^1 : = A r(^M + b M (I - Pm))), 



where © and A\ are coprime (by passing to Lemma |2.3|) . 

Case 2: Let a M G Z(0). Write Sl M := GCD f {B M , ^(P^ + b M {I - P M ))}- Then we can 



write 



(4.3) 



B M = n M n' M and A r [P M + b M (I - P M )J = n M r M 

for some n' M) T M G Hf In . ByLemmaSSl to M = b M P N + (I-PN) with N := (ran (A.(a M )iV)) • 
We now claim that 

^m(<^m) is invertible. (4.4) 

Since 



dct 



A r (P M + MJ - p m))] = b™ nk{I - PM) • dct A 



and 



detfi M r M = (b M ) dimN • detr M , 

it follows from (I4.3[) that 

det A r ■ (& M ) rank(I - PM) = (&M) dim W • det T M . (4.5) 
But since A r and are right coprime, and hence A r (aM) is invertible, it follows that 

dim./V = dim (ran (A r (a.M)PM)) — dim(ranPiv/) ± = rank(7 — Pm), 
which together with (|4.5p implies that detTM = det A r . This proves (|4.4p . Therefore we have 



M-l 



$ = n ( 6 ™ p ™ + ( j - p ™) w 



where Fm(q;m) is invertible. Thus Tm(<x) is invertible for all a G Z(0), and hence by Lemma [ 
O and Tm are coprime. 

If we repeat this argument then after M steps we get the left coprime factorization of $ = A*Cl, 
where Q still has as an inner divisor. □ 



Our main theorem of this section now follows: 
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Theorem 4.5. Let $ 6 1^ fee a matrix-valued rational function. Then we may write 

$_ = B*Q, 

where B £ and Q :— Ig with a finite Blaschke product 9. Suppose B and are coprime. If 

both T$ and are hyponormal then T$ is either normal or analytic. 

Proof. Suppose $ is not analytic. Then O is not constant unitary. Since T$ is hyponormal, it 
follows that keri/$* C ker i/$* = OHZ n . Thus we can write 



$+ = OA r A* r 



(right coprime factorization), 



where A r is an inner matrix function. Let 9o be a minimal inner function such that Qq = Ig a = 
A,Oi for some inner matrix function 0i. We also write A := A r Qi, and hence 

$+ = ee A*. 

On the other hand, we need to keep in mind that Q = Ig and ©o = Ig are inner functions, 
constant along the diagonal, so that these factors commute with all other matrix functions in the 
computations below. Note that $ 2 9 2 9§ G Hf u and $* 2 6 2 6§ e Hf In . We thus have 

e 2 2[J$ , i$ji Q 2 eg — J e 2 e 2j * J $ J e 2 e 2 ~ 1 e 2 e 2l <s> 1 'S> J e 2 e 2 



7* 



$ 2 e* 2 e: 2 ^$* 2 e 2 e 2 



$* 2 e* 2 e* 2 $ 2 e 2 e 2 



= T$«2$2 — T$2$*2 = (since $ is normal). 
The positivity of [Tj*,Tj] implies that [T|*, T|]r e 2 e 2 = 0. We thus have 
= [r|*,T|]T 6 2 e 2 

Ti2 iTl rp'Zrp 
$,i$20202 — l.j.l.j, 20202 

= T$*T$«$202@2 - T$T$$,20202 

T$2$,2 202 - i7$«-ff$$«20202 ) (by JOJ) 



^T$,2$2 2 2 — H^Hq,, $20202^ 
ff|»i?$$«2 e 202 — H^H^, $20202 



(4.6) 



H%, 7f$, $20202. 



Let := GCD (6o, O). Then by Lemma \2. 11 il — I u for an inner function io. Thus we can write 

e = e'n and e = e^n, 

where O' = Ig' and Oq = Ig' for some inner functions 9' and 6>q. Observe that 



H, 



$,$20202 



— Hi a 



H, 



(es*+e*e*A)(e*s+ee A*) 2 e 2 e 2 
(es*+e*e*A)(B+e 2 e A) 2 e 2 



-^e*esA(B+e 2 e A) 2 e 2 



(4.7) 



= H 
= H 



A(B+e 2 eoA) 2 e e* 
A(B+e 2 e A) 2 e' e>* 



Since $ is normal we also have 



H, 



$** 2 <-> -■'<->;- 



H, 



= H, 



(eB*+e*e;A) 2 (e*B+ee A*)e 2 e 2 
(e 2 e B*+A)(e-B+ee A*) 



We now claim that 



= i?(0 2 o s* + A)se* 
= Habb* ■ 

9' is not constant. 



(4.8) 



(4.9) 
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Toward (|4.9|) we assume to the contrary that 9' is a constant. Then by (|4.7p we have 

-ff$»$2 e 2 e 2 = H A ( B+ @2 @oA )2 &a@ „ = 0, 
so that Hq,$2q2q2 = 0, and by (|4.6|) we have 



(4.10) 



Observe that 



Habo* = <=> ABO* e H 2 Mn 
ABe OH 2 Mn 

A = QA' (since B and 6 are coprime) , 
which implies that A(a) = for each a € 2(9), a contradiction. Therefore 

-^$$.20202 = Habo- ^ and cl raniJ $4> ,2 e 2 e 2 = H(A) 
for some nonconstant (left) inner divisor A of 0. Thus it follows from Lemma l4~4l and (|4. 10[) that 

H(K) = cl ran ^,0,20202 C ker#|, C OHg„, 
giving a contradiction. This proves (|4.9I) . Observe 

cl ran ^,$2 02 02 = cl ran^ A(B+e 2e o A) 2 e' o 0'* Q H(Q') _L 0#c„ = ker#£, , 

and 

cl ran7J $$ »20202 = cl thwHabb* Q -L QH 2 „ D kei . 

Thus by (I4.6[) we have 

ker ff $ » $ 20202 = keriJ^,* i? ( j > » < j ) 2 02 02 

= kerF|.if$ . 2e ='eg (4.11) 
= ker 17^,20202. 

Observe that for all a <G 2(9), 

(A{B + e 2 6 o A) 2 0^ (a) = A(a)B(a) 2 Q , (a) . 

Since B(a) and Oq(«) are invertible, we have 

dim ker (A(B + O 2 0oA) 2 0' o ) (a) = dim ker A(a) = dim ker (AB)(a). 

By (|4.7p . (|4.8p and (|4.1ip . we have that A(a) = for all a € -Z(w) and hence w is a constant. 
Thus 51 is a constant unitary, and hence = 0' and ©o = Oq. Therefore 2(9) = 2(9)\ Z(9q) 
and hence, by Lemma l4~2"1 A(a) is invertible for each a € 2(9). Since for each a £ 2(9), 

(A(B + 2 o A) 2 o )(a) = A(a)B(a) 2 e (a) and (AB)(a) are invertible, 

it follows that A(B + 2 ©oA) 2 Oo and O are coprime, and AB and are coprime. Thus by (|4.7|) . 
(|4~5|) . and (|4"TT1) we have 

cl ranif^.^20202 = cl rani? $3> »2Q202 = H(Q). (4-12) 

By the well-known result of C. Cowen |Col[ Theorem 1] - if cp € i°° and 6 is a finite Blaschke 
product of degree n then T vo & — ©n?V, we may, without loss of generality, assume that € 2(0). 
Since T$ is hyponormal, by }GHR] (cf. p. 4) there exists K £ #m„ with ||-K"||oo < 1 such that 

Since $$*0 2 0g e i?^, we have 

T^H^2^, @ 2 @ 2 = T^H^T^. 02Q2 = Tgi?$« T 4$ » e 2Q2 

= T^(T~ff$^)r $$ ,0202 = T^T~iJ $$ »20202 . 
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Thus by (I4.6|) we have 

= -ff $ ^H$$.2 e 2 2 — if $ » ii $ . $ 20202 

= ^-ff$$«20202 — T^i7 $ , $ 20202 J 

= # J. (i - T^T~)lf $4> ,20202 . 

It thus follows from (|4.12l) . (14.13ft and Lemma IOI that 

(7 - T R T R )(U{&)) = cl ran((i - T R T* R )H^ &2e A C ker if* C 0J3*,. 
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(4.13) 



(4.14) 

Since ||if||oo = Halloo = Halloo, it follows that = — !• For each i = 1,2, ■•• ,n, 

put 

^ := (0, (),■■• ,1,0,--- ,0,0)'. 
Since G Z(0) n Z(0), we have £7< G ?f(0) n H{&) and by gUJ), 

Ei - TgTtEi = QFi (some F l G JJg»). 



Observe that 



£i - T R T~Ei = OF 



T R T*~Ei =Ei- QFi 



|2 II T7I i|2 



I if if ^ll 2 ~~ 11^112 

1^^111 = 1 + 110^111. 



QFi\\i (since Ei€H(Q)) 



But since ||T^2^|| < 1, it follows that \\T R T^Ei\\ 2 = 1 and Fi = for all i = 1,2, 
thus have ||7~£7i|| 2 = 1 for all % = 1, 2, • • • , n. Write 



, n. We 



if(z) := [feij(^)] and faj(z) = ^ fc. 



m=0 



Then if* (2;) = if (z) = [fey (2)] , and hence 



T~E t = [P(ku(z)),P{k^{z)),--- ,P(M^))f = [k[°\k£\--- ,k%> 
But since ||T~.Ej||2 = 1 for alii = 1, 2, • • • , n, it follows that 



,(o)it 



ri.(o) 1.(0) ... k 



(°)lt| 



1 for all i = 1, 2, ■ ■ • n. 



Therefore 



1 

1 = - 

n 

„(™)l 



2 =-l|if||?<l|if||L<i, 



which implies that [fcjj™ ] = for all m > 1. Hence if = [fcv ■ ] , so that if = if*. Observe that 
(i - T R T* R )U{Q) = Q (J - T K , K )H(e) = 

=> if* if = i„ (since G 2(0)). 
Therefore if = if* is a constant unitary and hence we have 

J*J — — -H$-H$ — — il^l RRt n<$>* — U, 

which implies that 7$ is normal. □ 



Corollary 4.6. ie£ $ G &e a matrix-valued trigonometric polynomial whose co-analytic outer 
coefficient is invertible. If 7$ and 7$ are hyponormal then 7$ is normal. 

Proof. Immediate from Theorem 14.51 together with the observation that = B*Q with O = I z m 
is a coprime factorization if and only if f?(0) is a co-analytic outer coefficient and is invertible. □ 
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Remark 4.7. In Theorem 14.51 the "coprime" condition is essential. To see this, let 



To, := 



T b + T* 






n 



(b is a finite Blaschke product). 



Since + T b * is normal and Tb is analytic, it follows that T$ and T| are both hyponormal. 



Obviously, T$ is neither normal nor analytic. Note that $_ 
lb are not coprime. 



\b 01 

y o o j 



r 1 r - ^ 



where [ J [j ] 



and 
□ 



On the other hand, we have not been able to determine whether this phenomenon is quite 
accidental. In fact we would guess that if $ € is a matrix-valued rational function such that 
T$ is subnormal then T$ = Ta © Tb, where Ta is normal and Tb is analytic. 



5. Subnormal Toeplitz Completions 

Given a partially specified operator matrix with some known entries, the problem of finding suitable 
operators to complete the given partial operator matrix so that the resulting matrix satisfies certain 
given properties is called a completion problem. Dilation problems are special cases of completion 
problems: in other words, the dilation of T is a completion of the partial operator matrix ["??]• 
In recent years, operator theorists have been interested in the subnormal completion problem for 
[ U ? J* ] ' wnere U is the shift on H 2 . In this section, we solve this completion problem. 

A partial block Toeplitz matrix is simply an n x n matrix some of whose entries arc specified 
Toeplitz operators and whose remaining entries are unspecified. A subnormal completion of a par- 
tial operator matrix is a particular specification of the unspecified entries resulting in a subnormal 
operator. For example 

'T z l-T z Tz 
TV 

is a subnormal (even unitary) completion of the 2x2 partial operator matrix 

z 

? T- ' 

A subnormal Toeplitz completion of a partial block Toeplitz matrix is a subnormal completion 
whose unspecified entries are Toeplitz operators. Then the following question comes up at once: 
Does there exist a subnormal Toeplitz completion of [ T f y_] ? Evidently, (15.11) is not such a 
completion. To answer this question, let 



(5.1) 



4> 



z if 

ip ~z 



If 7$ is hyponormal then by [GHR (cf. p. 4), $ should be normal. Thus a straightforward calcu- 
lation shows that 

\ip\ = and z(<p + ij}) = z(ip + tp), 
which implies that ip — —ip. Thus a direct calculation shows that 



T*7V- 1 



which is not positive semi-definite because T Z T— — 1 is not. Therefore, there are no hyponormal 
Toeplitz completions of [ T f T _] . However the following problem has remained unsolved until now: 



Problem A. Let U be the shift on H 2 . Complete the unspecified Toeplitz entries of the partial 
block Toeplitz matrix A := J, ] to make A subnormal. 



In this section we give a complete answer to Problem A. 
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Theorem 5.1. Let ip, tp G L°° and consider 



A 



T- T v 



The following statements are equivalent. 
(i) A is normal, 
iii) A is subnormal. 

(iii) A is 2-hyponormal. 

(iv) One of the following conditions holds: 

l.ip = e ie z + f3 and ^ = e lU3 ip ((3 G C; 6, oj G [0, 2tt)); 
2. ip = az + e l0 ^/l + \a\ 2 z + (3 and ^ = e l fr- 2 ***)^ 

(o.jSe C, a^O; 9e [0,2tt)). 

Theorem 15.11 savs that the unspecified entries of the matrix [^^1 are Toeplitz operators 
with symbols which are both analytic or trigonometric polynomials of degree 1. In fact, as we will 
see in the proof of Theorem l5.ll our solution is just the normal completion. However the solution 
is somewhat more intricate than one would expect. 



To prove Theorem 15. II we need several technical lemmas. 

Lemma 5.2. For j — 1,2,3, let Oj be an inner function. If 6iH{62) Q ^(^3) then either 9 2 is 
constant or 9\02 is a divisor of 63. In particular, if 9iH(02) C H(9i) then Q\ or 62 is constant. 

Proof. Suppose 2 is not constant. If 9iH{9 2 ) Q ^(#3) then by Lemma [2~B1 for all / G H(62), 
0if0 3 G zH 2 , and hence J6 S G zH 2 , so that / G H{6 S ), which implies that U{6 2 ) C H(6 3 ), and 
therefore Q3H 2 C 9 2 H 2 . Thus 62 is a divisor of #3. We can then write 63 — 9^9 2 for some inner 
function 6$. It suffices to show that 9\ is a divisor of 9o. Observe that 

OiH(0 2 ) C n(9 9 2 ) =>■ ran(T fll BJ a ) C ft(0 o 2 ) 

=>■ M 2 # 2 C kerff ?2 T ?j 

H~n l^n n n 

(72 t7l"0"2 

== £" "3 fl _ ^fl T= H-n n = 

ij~ Hn -g — , 

where the fourth implication follows from the fact that = T~H^ + H V T^ for any ip, ijj G L°°. 
But since 62 is not constant it follows that 9\ is a divisor of 6a. The second assertion follows at 
once from the first. □ 



Suppose $ = Lf In is such that $ and are of bounded type, with 

$ + = A*Q and $_ = -B^f^ (left coprime factorization), 

where O = for an inner function 0. If T$ is hyponormal, then in view of Proposition 13.21 $ can 
be written as: 

$+=A*rJi^ 2 and $_= J B|f2 2 , (5.2) 
where f^r^ = Q = 1$. We also note that O1O2 = O = r^^i- 



The following lemma will be extensively used in the proof of Theorem 15.11 
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Lemma 5.3. Let $ = $1 + $+ G Lf In be such that $ and $* are of bounded type of the form (|5.2|) 

$ + = A*VLiQ,2 = A*<d and <£>_ = B\£li (left coprime factorization), 
where = Ig for an inner function 9. 7/ker [T^,T<j>] is invariant under T$, then 

QtHln C ker [T|,T$], 

and therefore 

cl ran [T|,T$] C H(fii). 
Assume instead that we decompose $ € L^J as: 

<J>+ = A2A0A* (right coprime factorization) 

and 

$_ = A 2 i?* (right coprime factorization) . 

// T$ is hyponormal then 

A 2 H(A ) C cl ran [T|,T$]. 
Hence, in particular, if T<$ is hyponormal and ker[T£,T$] is invariant under 7$, then 

A 2 H(A ) C cl ran [T ( J, T<j,] C H(fii). 
Proof. See |CHL| Lemma 3.2 and Theorem 3.7]. 



(5.3) 

□ 



Lemma 5.4. Let 



(a e "H(6»o), b G H(6»i) and ^ inner (j = 0, 1)). 



If0 o = z n 0' o (n > 1; e' (0) ^ 0) and 6>i(0) ^ 0, fen keriJ <I , 1 = Aff 2 2; w /j ere 



A= ^ 



z6»i 
O _ 

-a6 2 n_1 6»o 



(n = l); 

(71 > 2) (a 



"(0) 

6>i(0) 



Proof. Observe that for /, g G i/ 2 



7" 








Y 


,9_ 




e x b z 







zf + z n 6' Q ag 
Oibf + zg 



Thus if $1 [f] G # 2 2 , then 6 x bf + zg G H 2 . Since 6»i(0) 7^ 0, we have d x bfz € ff 2 , and hence 
/ = /1 f° r some /1 G i/ 2 . In turn, 6/1 + Ig G i? 2 , so that g — zg\ for some g\ G i/ 2 . We 
therefore have 

zOifi + z n -%a 9l G H 2 . (5.4) 
If n = 1, then (|5.4I) implies gi = and /1 = z/2 for some g 2 , fi G H 2 . Thus / = 2^1/2 and 
g = #0.92, which implies 

~z9i 0" 
O 



kcr = 



iJ 2 2. 



If instead n > 2, then (|5.4I) implies that z n 2 Q' ag\ G i/ 2 , so that #i = z n 2 0' g2 for some gi G -ff 2 



We thus have 



zQxh + z ,l ~ 1 0' o ag 1 efl 2 ^ ^1/1 +zag 2 G ff 2 

<=>>0i(O)/i(O) + 0(0)02(0) = 



.92(0) = -/i(0) (recall that a = -|^r). 
a 0i (0) 
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Therefore we have 
Put 



G kerfl*. / = 0i/i, .g = z"" 1 ^ 3 2, and 52 (0) = ~/i(0). 



A := 

Then A is inner, and for h\,h,2 G H 2 , 
1 



-a0 z n - l 6' Q 



A 



zd\h\ + aB\h<2, 
azX^i + z n - 1 0' o h 2 



0i (z/ii + aft 2 ) 



o(— azhi + h 2 



(5.5) 



But since -(zh\ + ah 2 )(0) — (—azh\ + h 2 )(0), it follows from (15.51) that ker if$«_ = AH 2 2 . □ 



Lemma 5.5. Let 



z 6>i 6' 



(a G H(6o), b G H(9i) and 3 inner (j = 0, 1)). 
If Ox = z n 6[ (n > 1; 0i(O) ^ 0) and O (O) ^ 0, fen ker = AH 2 2 , where 

(n = l); 



A= 4 



0i o 
z0 o 
z™"^ -a0i 
a0o z9q 



Proof. Same as the proof of Lemma 15.41 



□ 



Lemma 5.6. Lei 

r z 0i& 

0o& z 

-tf $o = -2^0 anc ^ ^i = ker Lf$* = AH 2 2 , where 

0i o" 1 

A 



(a e W(0o), b G W(0i) and 0j inner (j = 0, 1)). 



O 
— oiOo Q'o 



((o5)(0) ^ (0 o 0i)(O) 
(o6)(0) = (^i)(0)) (n 



"(0) 



Remark 5.7. Since a(0),6(0) ^ 0, the second part of the above assertion makes sense because by 
assumption, O (O), 0[ (0) ^ 0. □ 



Proof of Lemma [57S[ Observe that for f,g£ H 2 , 



Z Z0gO 

Z0[& z 



G fli 



C 2 



G H 2 



C 2 



G zffr 2 



z(f + eyig) 

,9 + W 
0^a.g 

.9 = ^o3i an( i / = 9'ifi for some <?i, /i G H 2 



em 
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Thus if $* [f] G H 2 2 then z{0' l f 1 + agi) G H 2 and z(9' gi +bf 1 ) eH 2 , so that 

0i(O)/i(O) = -a(O)5i(Q) and o (O)<?i(O) = -6(0)/i(0). 
If (o6)(0) = (0 o 0'i)(O), then 

0'i(O)/i(O) = -o(0)3i(0) ^ o (O)<?i(O) - -6(0)/i(0). 

Put 



A := 



1 



6»i a0[ 
a9 9'o 



v / H T +T 

Then we can see that A is inner and ker if$^ = Ai? 2 2 • 

If (06) (0) ^ (0Q0i)(O), put 6» = z m 6> ' and 6»i = z"6>i' (0 O '(O), 0" (0) ^ 0). If n = m then 

O 



z n 6'(b 



z'^V'Aa z 



thi— 1 an an 



Since 5(0) is invertible, it follows from Lemma T2. 31 that J z n and B are coprime. Observe that 



which implies 
We thus have 

If instead n =/= m, then 











"«**/" 


_z" 5 _ 




z™^6 z 




z™<? 



Gif, 



c 2 



d'lbf + z^g 



/ = 0i A and 5 = 6»^5i for some /1, .gi G i? 2 . 
kerif$» = 



01 
O 



H, 



c 2 



7" 




z z" 1 ^' " 




7" 


,<?_ 




z^W{b z 




5. 



z(/ + z" l - 1 o 'a.g)' 



_2 



eH 2 



f + z m - 1 6%ag G zi? 2 
g + l? l -W{bf G zff 2 , 



which implies 



f = Z n - l e'lf x and g = z™-XV 
Suppose n > m, and hence n > 2. We thus have 

z n ~ 2 6"fi + zagi e H 2 =^ zag\ E H 2 =^> gi = zg 2 g = Q g 2 . 

In turn, 

.g + z n -W[b] G zff 2 z m 6> '<? 2 + 6/1 G zi? 2 

which implies 

~?i 0" 



/1 = 2/2, 



ker_ff$^ = 

If m > n, a similar argument gives the result. 







□ 



We are ready for: 



Proof of Theorem \5.1[ Clearly (i) => (ii) and (ii) => (hi). Moreover, a simple calculation shows 
that (iv) => (i). 

(hi) (iv): Write 



$ = 



z ^ 

■0 Z 



Z 




' <^+" 


(y9_ Z 




0+ _ 
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and assume that T$ is 2-hyponormal. Since ker [T* , T] is invariant under T for every 2-hyponormal 
operator T G B(Ji), we note that Theorem 14.11 and Lemma IS~3l hold for 2-hyponormal operators 
T$. We claim that 

\ip\ = M, and (5.6) 
$ and <&* are of bounded type. (5-7) 

Indeed, if T$ is hyponormal then $ is normal, so that a straightforward calculation gives (|5.6[) . 
Also there exists a matrix function if = € H]g with ||if||oo < 1 such that G iJ|f 2 , 

i.e., 



z 






A: 2 " 




' o 


i/>_ z 




fc 3 


A,'4 




W o _ 



M 2 ' 



which implies that 



H 



-H^T k3 . 



If tp+ is not of bounded type then keri/^- = 0, so that ki = 0, a contradiction; and if ip+ is not 
of bounded type then kerif^-j- = 0, so that kj, = 0, a contradiction. Therefore we should have <fr* 
of bounded type. Since T$ is hyponormal, <f> is also of bounded type, giving (|5.7[) . Thus we can 
write 

<^_:=6> a and ^_ := X 6 (a G H(6 ), b G H(9i)). 

Put 

o = * m 0o and 0j = z"^ (m, n > 0; 0£(O) ^ ^ 6>i(0)). 
We now claim that 

m = n = or to = n = 1. (5-8) 
We split the proof of (|5.8|) into three cases. 

Case 1 (m/0 and n = 0) In this case, we have a(0) ^ because #o(0) = and 9o and a 
are coprime. We first claim that m — 1. To show this we assume to the contrary that m > 2. 
Write 

o(0) . 1 



i(0) 



and 



1 



By Lemma 15.41 we can write 

$_ = 

where 



A, := 



zVi 
-a9 Q 



z 9xb 

qO, Z 

a6i 



A2-B* (right coprime factorization) . 



and B r := v 



6\ — aa a0\z + az 

zb-az m - 1 6' ab + z m - 2 6' 



To get the left coprime factorization of applying Lemma I5T41 for $_ gives 



z 

ha 



y a 

z 



= 0,2 B'l (right coprime factorization) . 



where 



2 := v 



which gives 



zVi 

z 6>i5 
? a z 



and Be := 



2 6»' + afe 



-az m "X + zb 



az + a#iz 
— aa + 81 



— B* t VI2 (left coprime factorization) . 
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On the other hand, since $1 - K<&X € Hh , and hence 







Qxb z _ 





k 2 f+ fci</>+ 
ki~ k 3 ^+ 



e H 



M 2 • 



we have 

{z — k 2 Tp+ G H 2 , 6\b — k/^p+ G H 2 
z-k 3 t(i^eH 2 , 8 Q a- fciV^T € # 2 , 
which via Cowen's Theorem gives that the following Toeplitz operators are all hyponormal: 

Thus by Proposition 13 . 21 we can see that 

ip + = z6\6 3 d and tp+ = 6062c for some inner functions 62,63. 

We thus have 
where 



Z0103 




'0 c" 


O 2 _ 




d 



A2A0A* (right coprime factorization), 



. 1 ; 

A := v 
A, 



c 
d 



1 -a 

az z 



03 
02 





' zOi ad x 




'0i 




z a 




_-a6 z m ~ x &Q 




z m - 1 6' 


■ V 


—az 1 



Write 

2 = z p 2 and 9 3 =z% (p, 9 > 0; 2 (O), 3 (O) # 0). 
If g + 1 > m +p, then LCM (z6\8 3 , 0o02) is an inner divisor of z q+1 8 6i6 2 6 3 . Thus we can write 

To xV 



y 



Izi+ 1 e' e 1 e' 2 e' 3 = ^4*^i^2, 



where 



.4 



fii := 

It thus follows from Lemma 15. 3 



x 
y 

z? +1 - m 0i0 2 3 



(some x,y e i? 2 



2^3 

2^0^ 





{7 2 l/ 3 





2 


—a 








az 


1 



that 



A 2 H(A ) C dranpS.T*] C (5.9) 
But since in general, 62^(81) C ^(8162) for inner matrix functions 61, 62, we have 





' 1 


—a 




'03 0" 




V 






02_ 


) 




az 


z 







Thus by (|5.9[) . we have 
or equivalently, 



A 2 • v 





1 —a 


«( 


'03 0" 




V 




2 _ 


) 




az z 







z0i 
z m 



(fo £1 



Since in general, F e H(6) if and only if 6*F e (-ffcn) X , (|STTU1) implies 



1 a 

-az z 



H 



(ft £!)=«( 



" z9 +1 - m 2 3 



(5.10) 



(5.11) 
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Also since for inner matrix functions Oi, 02 and any closed subspace F of H^n, 

eiFC-H(9ie 2 ) and 8162 = 6261 => F C "H(6i6 2 ) , 
it follows from (j5.11[) that 

~H(z q+1 - m 6' 2 6' 3 ) 
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H(9 2 ) 



c 



H{z q+1 - m 6' 2 9' 3 ) 

But since 6*3 = z q 9' 3 , it follows that q + 1 — m > q, giving a contradiction. 

If instead q + 1 < m + p, then LCM {z9 x 9 3 , 9 Q 9 2 ) is an inner divisor of z m+ P0 o 1 2 3 . Thus 
we can write 

"0 x 



where 



Ay : = 

n; := 



y 



» »i» 2 » 3 



x 

v 



Z V 9 X 9' 2 9' 3 



(some i? 2 ) 




J 0"2"3 





2 


—a 


• 1/ 




1 


<xz 



It thus follows from Lemma 15.31 with Q[ in place of f2i that 

A 2 H(A ) C cl ran [T^T*] C U(n[) 



Since 



H(A )=H[y 

= n(v 



' 1 


—a 




az 


z 




' 1 


— 


) 


az 


z 





o 3 

02 





' 1 -a" 


«( 


'03 0" 




V 




2 _ 


) 




az z 







we have 



A 2 n[u 



1 -a 

az z 



e 



H 



(fo £l)^>- 



Then by the same argument as (|5.10[) and (|5.11[) . we can see that 



1 a 

-az z 



Hi 



(ft 



z*9' 2 9' 3 



z^9' 2 9' 3 



(5.12) 



(5.13) 



which gives 

zH(9 2 ) C U{z v 9' 2 9' z ), 

which by Lemma 15.21 implies that 02 should be a constant. Thus (|5.13[) can be written as 



1 a 

-az z 



H 



Co ?)^( 



9' 



which gives z / H(9j) C H(9' 3 ). It follows from again Lemma [5.21 that 03 is a constant. Thus by 
(f5TT2]) . we have 



0i 

2 m ~X 



so that 



z a 

-az 1 

z a 

-az 1 







' 1 


—a 


V 








az 


z 


H 




" 1 


—a 


V 








az 


z 



)=«( 



c H [v 



"0i 




z 


—a 




z m - 1 9 , 


V 


az 


1 


) 



z —a 
az 1 



giving a contradiction by Lemma 5.3. Therefore we should have 

m = 1, i.e., 0o = z0 o . 
Thus by Lemmas 15.51 and 15.61 we have 



z 


9 x b 




~z9 x 


0" 




'0i 


a 


z9' a a 


z 







0o. 




2 6 


0o 



(right coprime factorization) 
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z 6ib 



0Q 

z9i 



(left coprime factorization). 



zb 0i 
Recall that 

?/>+ = 9q9 2 c and (p + — z9\9 3 d for some inner functions 02 and #3. 
We can thus write 

zB x Q z d 



Z0 X 3 
O 6 2 





'0 c" 




d 



(right coprime factorization). 



%9 2 c 

Note that LCM (z0i03, 0o02) is an inner divisor of 9q9i9 2 9 3 . Thus we can write 

"0 xY 

v 



d> 4 

It follows from Lemma 15.31 that 

'z6iH(e 3 )' 



hoe&es (x,y e H 2 ) 
C cl ran [T|,T*] C 



n(9 1 9 2 9 3 ) 
n(9' e 2 e 3 ) 



which implies 
By Lemma r5.2[ 



o n(e 2 ) 

zH{6 3 ) C H(0 2 3 ) and zH(0 2 ) C H(0 2 3 ) 



(5.14) 



{either #3 is constant or z6* 3 is a divisor of #2 #3; 
either #2 is constant or z0 2 is a divisor of 6*26*3 , 

If 6*2 or 6*3 is not constant then it follows from (|5.14l) that z is a divisor of 02 and 6*3 . Thus we have 
p,q>l. Let N := max(p, q). Then LCM (z6*i6* 3 , O 2 ) is an inner divisor of z N 9 9 1 9 2 9' 3 . Thus 
we can write 



3>+ = 



x 
V 



h»e e 1 e> 2 e' (x,y e H 2 ). 



It follows from Lemma I5~3l that 

"z6* 1 -H(z?6* 3 y 
%n(zP9' 2 ) 



C cl ran [T|,T$] C 



U(z N 9 X 9' 2 9' Z ) 
U{z N 9> 9> 2 9> 3 ) 



N-la> 



J z 9 is a divisor of z 
1 z p is a divisor of z^ -1 ^, 

giving a contradiction. Therefore 

02 and 03 are constant. 
We observe that LCM(z0i, 0o) is an inner divisor of z9' 9\. It follows from Lemma \5 . 31 that 

~9xH 21 



9' H 2 . 



C ker [T^T*]. 



In particular, 



so that 



We thus have 



€ ker [T| , T$] . Observe that 



<j> " 



"0" 




z 0oa 




"0" 




za 


.<%_ 




0i6 z _ 




o. 




w 



Ha,* 



"0" 




"a(0)" 


#0. 




9' (0). 



"0" 









9' (0)J(I -P)(0i6) + a(O) 
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A similar calculation shows that 



"0" 











* 



Since [T|,T$] = #*» - H%,,_H<s>*_, it follows that 

^(0)J(/-P)(?i6) = -o(0). 

But since a(0) ^ 0, we must have that B\b £ ~zH 2 n (H 2 )- 1 , which implies that 0i = cz for a 
nonzero constant c, giving a contradiction because 0i(O) 7^ 0. Therefore this case cannot occur. 

Case 2 (m = and n^O) This case is symmetrical to Case 1. Thus the proof is identical 
to that of Case 1. Therefore this case cannot occur either. 



Case 3(m/0,n/0 and to > 2 or n > 2) In this case we have a(0) ^ and 6(0) 7^ 
because 0o(O) = 0i(O) = 0, 9q and a are coprime, and 9\ and 6 are coprime. By Lemma 15.61 we 
have 



= 

Similarly, we have 

$_ = 

and 

$ + 

We then claim that 



01 
O 



a 

v m— 1/}/ 



a 


* 


'0 0" 






0i 



"0!03 " 




"0 c" 


e e 2 _ 




d 



(right coprime factorization). 

(left coprime factorization) 
(right coprime factorization). 



02 and 03 are constant. (5.15) 

Assume 2 is not constant. Put 2 = z p 6' 2 and 3 = z q & 3 (6' 2 ^ ^ 3 (O) and p, q > 0) and let 
N := max (to + p, n + q). Then LCM(0 o 2 , 0i0 3 ) is a divisor of z N 6' 6' 1 6' 2 6 3 . Thus we can write 



By Lemma 15.31 we have 



x 
V 



%U(6 2 ) 



(x,y£H 2 ). 



c 



n{z N ^ m 9' 1 9' 2 9' 3 ) 
U(z N - n 6' 6 2 6 3 ) 



If 3 is a constant, then (7 = and m + p < N — n, giving a contradiction because to, n > 2. If 3 
is not constant, then n + q < N — to and m + p < N — n, giving a contradiction because m,n > 2. 
Therefore we should have that 02 is constant. Similarly, we can show that 63 is also constant. 
This proves (j5TT5]) . 

We now suppose n < to. By Lemma 5.3 we have 



6[H 2 



v rn — n Q I 



Cker[T*,T $ ]. 



In particular, 



so that 



€ ker [T| , 7$] . Observe that 







z 0oa 








'z0'i" 







_0i 6 z _ 









z"6 



Hit 



'0'i 




"0'i(O_)" 










(61 := P n(zn) (b)). 
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Put bo 



so that 



1 t»x- We also have 







Z 0i& 








* 


. fo 3 _ 




0oa z 




. fo 3 _ 




fli(0)? o + M 



A similar calculation shows that 













ei(0)J(I-P)(fl a) + 6s(0) 



It thus follows that 

9[(0)J(I - P)(6 a) 



-&s(o) 



9 Q a e zH 2 







* 











%a E zH 2 



a £ zH 2 n (H 2 



Since n < m and (m > 2 or n > 2), it follows that m > 2. Thus 9oa £ ~zH 2 n {H 2 ) 1 - implies 
~z m ~ 1 9' Q a = c (a constant), which forces a = 0, giving a contradiction. If instead n > m then the 
same argument leads a contradiction. Therefore this case cannot occur. This completes the proof 

of era. 



Now in view of (15.81) it suffices to consider the case m = n = and the case m = n = 1. 



Case A (m = n = 0). In this case, we first claim that 

= ?/>_ = 0, i.e., y> and if) are analytic. 



(5.16) 



Put := GCD(9q,9i). Then 0q = 9' 9 and 0i = 9[9 for some inner functions 9' ,9[, and hence 
LCM(0 o ,0i) = OO'oO'i- We thus have 



z9' Q b 



Iz66'9\ B* 



Since B(0) is invertible it follows from Lemma l2~3l that I z and B are coprime. Observe that 







2 00(1 




V" 


z 5 




01 & z 







which implies 



We thus have 



kcr = 



z0i 
z0 o 



9pazg 
Oibzf 



£ ff C 2 

.9 £ 9 a H 2 , I £ 0iff 2 , 



"z0i " 




9\ za 


z9 




zb 9 



(right coprime factorization). 



To get the left coprime factorization of we take 



which implies 



z9 







~0a 


zb 





z9 x 




za 


Ox 



9q za 


* 


~z6 Q " 


zb 01 




z0i 



(right coprime factorization), 



(left coprime factorization). 



Since T$ is hyponormal and hence, 

kcr H<f,' C ker7J$* = 



Z0lff 2 

z0 o ff 2 
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it follows that 

ip+ = z9q9 2 c and tp+ = z9\9-$d for some inner functions 9 2 , O3. 
We can thus write 



z9 1 9 3 d 




Z0103 




"0 


c 


_z8 9 2 c 




z6 e 2 _ 




d 






(right coprime factorization). 



Observe that LCM (z9i9 3 , z8q9 2 ) is an inner divisor of z9q9\9 2 9 3 . Thus we can write 



x 
V 



C cl ran [T|,T$] C 



u{e 1 e 2 e 3 ) 

U(6o9 2 e 3 ) 



It follows from Lemma T5. 31 that 

z0 o H(6 2 ) 
which implies that 

zH(0 3 ) C 77(0 2 # 3 ) and zH{6 2 ) C 77(# 2 3 ). 
Thus the same argument as in (15. 14)) shows that 

9 2 and # 3 are constant. 
We now observe that LCM(z#i, z#o) is an inner divisor of z9q9\. Thus we can write 

"0 x 
y 



It follows from Lemma [5731 that 
that 



9 a H 2 



IzBoSt {x,yeH 2 ). 
C ker [T|,T$]. In particular, [ ^ ] e kcr [T|, T*]. Observe 



<i>: 



so that 



We thus have 



Ha 



z 


9 a 




~6i~ 


ib 


~z 







'e{ 







t(0)' 













z8i 
b 



77J,* Hq>* 



'0i 




9,(0) 







0i(O)J(I - P)(6 a) 



A similar calculation shows that 



77<jU 77$* 







* 











It thus follows that 

6>i(0)J(7 - P)(? a) - 0=^9 aeff 2 =^ o a e H 2 =^ 9 a a <= H 2 n (i? 2 )^ , 

which implies that a = and hence <f> is analytic. Similarly, we can show that tp is also analytic. 
This gives (|5T6|) . 

Now since by (I5.16|) . (p,ip € H°° and |y| = we can write (p = 9±a and i\) = # 2 a, where the 
9i are inner functions and a is an outer function. Observe that 

where 7? = [J J] and 2 = [§ °] are coprime. Thus our symbol satisfies all the assumptions of 
Theorem 14. II Thus by Theorem 14. 11 since 7$ is 2-hyponormal then 7$ must be normal. We thus 
have 

Hl.H*» + =H£._H* t . (5.17) 

Now observe that 



ip 
tp 



and $_ = 



z 
z 
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Since X$ is normal we have 










'H- 


" 















which implies 

H±H ¥ = H- = H±Hj, (5.18) 

which says that Hjp and H-^ are both rank-one operators. Now remember that if T is a rank- 
one Hankel operator then there exist u> G B and a constant c such that T = c(A^r® fc w ), where 
fc w := j-^v i s the reproducing kernel for u>. Note that fc^jCg) fe w is represented by the matrix 



1 


UJ 


UJ 


UJ 2 








UJ 3 


UJ 3 





By (|5.18[) we have that u> = 0. We thus have 

V = e ie ^z + p x and ^ = e je2 z + /3 2 (ft, (3 2 € C, 6» 1; 6> 2 G [0, 2tt)). (5.19) 
But since \ip\ — we have 

tp = e i6 z + P and V = e lu tp (/3 G C, 0, ui G [0, 2tt)). (5.20) 



Case B (m 



n = 1) In this case, O = z0' and 6»i = z9[ (6>' (0), 9[(0) ^ 0). We thus have 
<£>_ = z9' a and V- = 



so that 



2; 
z9' n a 



z9[b 

z 



There are two subcases to consider. 

Case B-l ((06) (0) ^ (0' 0[)(0)). 

~z9\ 



z 
6> t 



z9[b 

z 



In this case, we have, by Lemma 




and 



zViV 3 












(right coprime decompositon) 
(left coprime factorization) 



c 
zw V2] 

Suppose 6 2 is not constant. Put 8 2 = z p 9' 2 and 3 = z q 9' 3 (p,q G NU {0}) 
Then LCM(6»i6» 3 , 9 Q 9 2 ) is a divisor of z^+X^Ws- Thus we can write 

"0 af* 
1/ 



(right coprime factorization) 
= (10, a G NU-fOV). Let N 



max(p, q). 



7 



(x,2/ei/ 2 ). 



By Lemma 15.31 we have 



z6[H(6 3 ) 
z9' H(9 2 ) 



c 



H(z N 9' 1 e 2 e 3 ) 
n(z N e'M) 



If #3 is a constant then p + 1 < N = p, giving a contradiction. If instead #3 is not constant then 
q + 1 < iV and p + 1 < N, giving a contradiction. The same argument gives #3 is a constant. 
Therefore 9 2 and 83 should be constant. Note that LCM(z9[, z9' ) is an inner divisor of z0' 9[. 
Thus we can write 

"0 x 



y 
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It follows from Lemma [5~3l that 



In particular, 



9[H 2 



C ker [T£,T»]. 



(5.21) 



e ker [T| , 7$]. Observe that 







z 0oa 








'z(?i" 







01 6 z _ 









z6 



so that 



We thus have 



so that 



9[(0) 
6(0) 



X(o)" 




z 6ib 




■0[(O) 






6(0). 




9qCI z 




6(0) _ 




9[(0)9 a + 6(0) z 













^(0)J(J-P)(e o) + 6(0) 



A similar calculation shows that 



It thus follows that 



Hi, H<j>' 



+ + 



~0'x' 




* 











9[(0)J(I - P)(9 a) = -6(0). 

Since 6(0) ^ 0, we have that 9oa € zTJ 2 , which implies that #oa — otz for a nonzero constant a. 
Therefore we must have that 9' is a constant. Similarly, we can show that 9\b = (3z for a nonzero 
constant /3, and hence 9[ is also a constant. Therefore by (|5.21j) . T$ is normal. Now observe that 



<p+ 

[4>+ o 

Since X$ is normal we have 



and $1 = 



/3z z 



(a ^0^/9). 







(a + /3)fl* (l + |af)tf- 



which implies that 



'0 = -a 

fl^r^F = (! + 1/ 3 ! 2 )^ 
fl3^%r=(i + H 2 )fl- y . 



(5.22) 



k 5/1+ ^ + 

By the case assumption, 1 / \ab\ = \a/3\ = \a\ 2 , i.e., |a| / 1. By the same argument as in (|5.18p 
we have 

cp+ = e !01 Vl + |«| 2 z + 0i and V+ = e ,;92 y/l + |«| 2 z + ft, , 
(^i,/3 2 e C; 01,6*2 € [0, 2tt)) which implies that 

Lp = a z + e iBl y/l + \a\ 2 z + fi x and if) = -az + e i02 ^/l + \a\ 2 z + (3 2 . 

Since \ip\ = \if>\, it follows that 

e Wl ^l + \a\ 2 z 2 + p lZ + a = e i03 y/l + \a\ 2 z 2 + /3 2 z - a for all z on T. 

We argue that if p and q are polynomials having the same degree and the outer coefficients of the 
same modulus then 



\p(z)\ = \q(z)\ on\z\ = l 



p[z) — e iUi q(z) for some uj e [0, 27r) 
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Indeed, if \p(z)\ = \q(z)\ on \z\ = 1, then p = 8q for a finite Blaschke product 8, i.e., p = 
rij=i i--& 3 z 1 (\ a j\ — But smce tne modulus of the outer coefficients are same, it follows that 
n™=i |ckj | = 1 and therefore, p — e lu) q for some u. Using this fact we can see that ijj — e lul f for 
some to G [0, 2-k). But then a straightforward calculation shows that to = n — 2 arga, and hence 

if = az + e t9 ^/l + \a\ 2 z + P and V = e* (l " 2arg< "V, 
where a^O, |a| ^ 1, /3 e C, and 6 e [0, 2tt). 

Case B-2 ((a6)(0) = (#o#i)(0)). A similar argument as in Case 1 shows that 6*2 and 9 3 are 
constant and the same argument as in Case B-l gives that 

(p = az + e ie y/l + \a\ 2 z + P and V = (7r_2arsa V, 

where a^O, |a| = 1, /3 € C, and 9 e [0, 2ir). We here note that the condition \a\ — 1 comes from 
the case assumption 1 = l^'il = l a ^l = M 2 - 

Therefore if we combine the two subcases of Case B-l and B-2 then we can conclude that 

tp = az + e ie y/l + \a\ 2 z + j3 and i/> = e l ("- 2arga V, (5.23) 

where a^O, (3 e C, and e [0, 27r). This completes the proof. □ 



Remark 5.8. We would also ask whether there is a subnormal non- Toeplitz completion of [ T f T _] . 
Unexpectedly, there is a normal non- Toeplitz completion of [^"jL]. To see this, let B be a 
sclfadjoint operator and put 

T= \ T z T z + B] 
T z + B TV 



T-B + BT Z - (T Z B + BT-) T Z B + BT- - (T-B + BT Z ) 
BT Z + T Z B - (BT Z + T Z B) T Z B + BT Z - (T Z B + BT Z ) 



Then 

[T* , T] 

so that T is normal if and only if 

T-B + BT Z = T Z B + BT-, i.e., [T z , B] = [T-, B]. 

We define 



(5.24) 



ai := and a n :- 



-In 



for n > 2. 



Let D = diag (a„), i.e., a diagonal operator whose diagonal entries are a n (n = 1, 2, . . .) and for 
each n = 1, 2 . . ., let £?„ be defined by 



Then 



which implies that 



We define C by 



1 1 

\B n \\ < 5s zrsup{a n _i} < — T , 



n=l 



< 2. 



n=l 
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Then C looks like: 



C = 



"0 





1 





1 

2 





1 

2^ 














1 

2 





1 





1 

2^ 














3 

2^ 





3 




















5 

w 





5 

2T 




















11 

2"!" 


























21 
2 s 











































































Note that C is bounded. If we define B by 

B := D + C + C* , 

then a straightforward calculation shows that B satisfies equation (|5.24|) . Therefore the operator 



T = 



Tz T z +B 
T z + B TV 



is normal. We note that T z + B is not a Toeplitz operator. 



□ 



Remark 5.9. In Theorem 15. II we have seen that a 2-hyponormal Toeplitz completion of [^FjL] is 
automatically normal. Consequently, from the viewpoint of fc-hyponormality as a bridge between 
hyponormality and subnormality, there is no gap between the 2-hyponormality and the subnor- 



mality of 



T— T v 

TV TV 



the 2-hyponormality of 



T— T v 

TV TV 



Of course there does exist a gap between the hyponormality and 
. To see this, let 



$ := 



- 2 



■2z< 



- 2 



2z 2 



Then $ is normal and if we put K := 



, then $ - K <£* £ Hh_ and 



\K\ 



'if, alsx * n ji iioo — 1, so that T$ 
is hyponormal. But by Theorem 15. 1[ T$ is not 2-hyponormal. However, we have not been able to 
characterize all hyponormal completions of ["^~ T _] ; this completion problem appears to be quite 
difficult. □ 



6. Open Problems 

1. Nakazi-Takahashi's Theorem for matrix-valued symbols. T. Nakazi and K. Takahashi |NT| 
have shown that if tp € L°° is such that T v is a hyponormal operator whose self-commutator 
[T*, T v \ is of finite rank then there exists a finite Blaschke product b £ £{<f) such that 

deg (6)= rank [T;,T 9 }. 

What is the matrix- valued version of Nakazi and Takahashi's Theorem ? A candidate is as follows: If 
$ G L^j is such that T$ is a hyponormal operator whose self-commutator [T^, 7$] is of finite rank 
then there exists a finite Blaschke-Potapov product B £ £ ($) such that deg (B) — rank [T^, T$]. 
We note that the degree of the finite Blaschke-Potapov product B is defined by 



deg(B) := dimH(B) = deg(det J B) , 



(6.1) 
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where the second equality follows from the well-known Fredholm theory of block Toeplitz operators 
[Do2] that 

dim'H(O) = dim kerTe* = — index Tq 

= -index T dete = dim kerT^^ 



"H(dcte)) = deg (det e). 



= dim i 

Thus we conjecture the following: 

Conjecture 6.1. If $ e is such that T$ is a hyponormal operator whose self-commutator 

[TJ,T$] is of finite rank then there exists a finite Blaschke-Potapov product B £ £ ($) such that 

rank [T|, T$] = deg (det Bj . 

On the other hand, in |NT| . it was shown that if <p £ L°° is such that T v is subnormal and 
tp = qtp, where q is a finite Blaschke product then T v is normal or analytic. We now we pose its 
block version: 

Problem 6.2. If $ £ is such that T$ is subnormal and $ = B$* , where B is a a finite 

Blaschke-Potapov product, does it follow that T$ is normal or analytic ? 

2. Subnormality of block Toeplitz operators. In Remark 14.71 we have shown that if the "coprime" 
condition of Theorem l4.5l is dropped, then Theorem l4.5l mav fail. However we note that the example 
given in Remark l4.7l is a direct sum of a normal Toeplitz operator and an analytic Toeplitz operator. 
Based on this observation, we have: 

Problem 6.3. Let $ £ be a matrix-valued rational function. If 1$ and T| are hyponormal, 
but T$ is neither normal nor analytic, does it follow that 7$ is of the form 

\T A 



X.T, 



T B 



(where Ta is normal and Tg is analytic) ' 



It is well-known that if T £ B{%) is subnormal then ker [T*, T] is invariant under T. Thus we 
might be tempted to guess that if the condition "T$ and T| are hyponormal" is replaced by "T$ is 
hyponormal and ker [T£, T$] is invariant under T$," then the answer to Problem 6.3 is affirmative. 
But this is not the case. Indeed, consider 



T* = 



2U + U* U* 
U* 2U + U* 



Then a straightforward calculation shows that 7$ is hyponormal and ker [T^, T$] is invariant under 
T<j>, but 7$ is never normal (cf. [CHL1 Remark 3.9]). However, if the condition "T$ and T| are 
hyponormal" is strengthened to "T$ is subnormal" , what conclusion do you draw ? 

3. Subnormal completion problem. Theorem 15.11 provides the subnormal Toeplitz completion of 

U ? J, (U is the shift on H 2 ). (6.2) 

Moreover Remark 15.81 shows that there is a normal non- Toeplitz completion of (|6.2[) . However we 
were unable to find all subnormal completions of (16.21) . 

Problem 6.4. Let U be the shift on H 2 . Complete the unspecified entries of the partial block 
matrix [ ^ J, ] to make it subnormal. 

On the other hand, Theorem 15 . 1 1 shows that the solution of the subnormal Toeplitz completion 
of [ H, J* ] consists of Toeplitz operators with symbols which are both analytic or trigonometric 
polynomials of degree 1. Hence we might expect that if the symbols of the specified Toeplitz 
operators of (|6.2I) are co-analytic polynomials of degree two then the non-analytic solution of the 
unspecified entries consists of trigonometric polynomials of degree < 2. 
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Problem 6.5. If $ and ^ are co-analytic polynomials of degree n, does it follow that the non-analytic 
solution of the subnormal Toeplitz completion of the partial Toeplitz matrix [ T * ^ ] consists of 
Toeplitz operators whose symbols are trigonometric polynomials of degree < n ? 
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